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F 0 R E  W 0 R D 
T h i s  document r ep resen t s  t he  f i r s t  p rogress  r e p o r t  on t he  
NASA r e s e a r c h  g r a n t  NGR 44-001-027. 
f i v e  gene ra l  a r e a s  which may be considered i n d i v i d u a l l y  o r  c o l l e c -  
t i v e l y .  A summary of these s e c t i o n s  is presented  below a s  a n  out- 
l i n e  of t h e  con ten t s  of t h e  r epor t  and t h e  information t h a t  is 
coa t  a ined  t h e r e i n .  
The r e p o r t  is div ided  i n t o  
PART I is t h e  in t roduc t ion  and c o n t a i n s  a n  overview of how 
t h e  i n d i v i d u a l  p a r t s  of t h e  r e sea rch  a r e  being directed toward a 
common o b j e c t i v e  and how these r e su l t s  a r e  o r i e n t e d  toward t h e  
s p e c i f i c  problems of t h e  g ran t ing  agency. 
PART I1 con ta ins  a philosophy of c o s t  model development 
which d iscusses  some of the  p o s s i b i l i t i e s  open i n  t h e  development 
of c o s t  models such a s  those  p r e s e n t l y  be ing  considered by t h e  
Long Range Planning Of f i ce  a t  t h e  Manned Spacec ra f t  Center.  
0 
PART I11 summarizes another  a r e a  of r e s e a r c h  which is o r i e n t -  
ed toward t h e  s p e c i f i c  a n a l y t i c a l  problem of determining para- 
meters a s s o c i a t e d  w i t h  elements of a mathematical model by using 
non l inea r  e s t i m a t i o n  of those parameters  i n  a restricted space.  
PART I V  summarizes a t h i r d  r e s e a r c h  a r e a  which is directed 
toward t h e  c o l l e c t i o n ,  ana lys i s ,  and u t i l i z a t i o n  of s u b j e c t i v e l y  
determined da ta  i n  the cons t ruc t ion  and a p p l i c a t i o n  of mathemat& 
c a l  models. 
PART V c o n t a i n s  t h e  advisory memos t h a t  have been w r i t t e n  
a s  p a r t  of t h e  s e r v i c e s  performed under t h i s  grant, These . in-  
c l u d e  c r i t i q u e s  of o t h e r  NASA c o n t r a c t o r  r e p o r t s  a s  w e l l  a s  in- 
formal  meetings he ld  a t  NASA and Texas A2:Ye 
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PART V I  is a report  on a completed r e s e a r c h  p r o j e c t  i n  t h e  
a rea  of l ea rn ing  curves w h i c h  is considered a s  appropr i a t e  t o  
t h i s  s tudy  s i n c e  one of the bas i c  elements in c o s t  model work con- 
siders t h e  e f fec ts  of l earn ing  on the costs, 
PART VI1 con ta ins  a Bibliography of t h e  c u r r e n t  l i t e r a t u r e  i n  
t h e  gene ra l  a r e a s  of t h e  r e sea rch  t h a t  is b e i n g  conducted a s  p a r t  
of t h i s  g ran t ,  
- 
PART I - XHTROWCTION 
The specif ic  problem t h a t  is t h e  b a s i s  f o r  t h i s  g r a n t  and t h e  
d i r e c t i o n  of t h e  r e sea rch  t h a t  is being performed is t h a t  of 
f i t t i n g  func t ions  t o  d a t a  i n  t h e  gene ra t ion  of f u n c t i o n a l  r e l a t i o n s  
which describe t h e  c o s t  of subsys tems i n  s p a c e c r a f t  and t h e  t e s t i n g  
of t hose  func t ions  t o  determine t h e i r  c r e d i b i l i t y  w i t h  t h e  r e s p e c t  
t o  t h e  model i n  which t h e y  a r e  incorporated.  Toward t h i s  end 
there is p r e s e n t l y  three a reas  of r e sea rch  being conducted a s  p a r t  
of t h e  g ran t ,  These three a reas  a r e  d iscussed  i n d i v i d u a l l y  i n  
P a r t s  11, 111, and IV, I f  i t  is not  obvious from cons ider ing  each 
of t h e  a r e a s  i n d i v i d u a l l y ,  t h i s  s e c t i o n  of t h e  r e p o r t  is a n  e f f o r t  
t o  t i e  these p a r t s  i n t o  a i n t e g r a t e d  approach t o  t h e  problem. 
I n  t h e  r e sea rch  discussed i n  P a r t  11, t h e  r e sea rch  is directed 
a t  t h e  end r e s u l t - t h e  f i n a l  model, t h e  a p p r o p r i a t e  composition c?f 
t h a t  model, and de r iv ing  the .  f u n c t i o n s  which describe t h e  re- 
sponse t o  var ious  l e v e l s  of t he  va r i ab le s .  The second a r e a  of 
r e s e a r c h  which suppor t s  t h i s  is t h e  P a r t  I V  i n  t h a t  i t  is concern- 
ed w i t h  providing t h e  func t ions  which a r e  used i n  t h e  developments 
i n  Pa r t  111, However, t h i s  p a r t  of t h e  r e s e a r c h  is concerned 
prj .marily w i t h  t h e  a t ta inment  of cons is tency  and s t a t i s t i c a l  
c r e d i b i l i t y  i n  s u b j e c t i v e  data which must n e c e s s a r i l y  be used due 
*Lo l i t t l e  o r  no data  being a v a i l a b l e  f o r  use i n  de r iv ing  t h e  
func t ion ,  Therefore ,  P a r t  I V  of t h e  r e s e a r c h  w i l l  provide t h e  
automated means whereby da ta  w i l l  be c o l l e c t e d  and analyzed p r io r  
t o  provid ing  the func t ions  requi red  i n  P a r t  11, 
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There is s t i l l  a f u t h e r  backup e f f o r t  t h a t  is a n  a r e a  of 
r e sea rch  and is t h a t d i s c u s s e d  i n  P a r t  I11 of t h e  r e p o r t ,  T h i s  
r e sea rch  e s s e n t i a l l y  suppor ts  P a r t  IV by developing t h e  s t a t i s t i -  
c a l  and mathematical background f o r  f i t t i n g  func t ions  t o  a set  of 
da ta  p o i n t s ,  T h i s  is i n  order t o  provide some s t a t i s t i c a l  proper- 
t ies  of t he  func t ions  which a r e  f i t t e d  t o  t h e  c o l l e c t e d  data .  
T h i s  is a more academic t y p e  of r e sea rch  but is necessary i n  order  
t o  develop t h e  b a s i c  theory w h i c h  w i l l  permit t h e  model develop- 
ment t o  progress  on a sounder s t a t i s t i c a l  bas i s .  Therefore ,  t h e  
da ta  obta ined  and analyzed i n  P a r t  IV w i l l  even tua l ly  use t h e  
methods of f i t t i n g  f u n c t i o n s  i n  a cons t r a ined  parameter space t h a t  
a r e  developed i n  P a r t  I I I  of the r e sea rch ,  
The g e n e r a l  b e n e f i t s  t h a t  w i l l  accrue  t o  t h e  g r a n t i n g  agency 
w i l l  p r i m a r i l y  come d i r e c t l y  f r o m  P a r t  I1 of t h e  r e sea rch ,  how- 
ever i t  is s t r o n g l y  supported by t h a t  work which is being per- 
formed i n  t h e  o t h e r  two a r e a s  of research .  The work t h a t  is 
described i n  P a r t  V keeps the  s t u d y  group appr i sed  of t h e  c u r r e n t  
problems i n  t h i s  r e sea rch  area and w i l l  permit t h e  r e s u l t s  of t h e  
work performed under t h i s  g ran t  t o  be directed more s p e c i f i c a l l y  
t o  c u r r e n t  problems, r a t h e r  than a b s t r a c t e d  i n  some form which 
must go through a t r a n s i t i o n  phase p r i o r  t o  a p p l i c a t i o n  t o  t h e  
immediate problems i n  the  cost model development a r e a ,  
0 
The work exemplif ied i n  P a r t  VI and VI1 is a cont inuing  e f f o r t  
t o  provide  backup, conduct i n v e s t i g a t i o n s  and provide information 
i n  basic areas t h a t  can best  b e  done by a u n i v e r s i t y  t y p e  of re- 
search group. T h i s  w i l l  provide the support i n  depth  t h a t  may be 
used t o  i n t e g r a t e  and understand t h e  range of the problems t h a t  
0 
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have been t r e a t e d  previously.  The a p p l i c a b i l i t y  of independent 
r e s e a r c h  i n  these bas i c  a r e a s  is t o  a s s u r e  f u l l  coverage of t h e  
techniques and p o s s i b l e  misappl ica t ions  of techniques t h a t  a r e  
in t roduced  i n t o  t h e  planning and c o s t  model a r e a s ,  
In summary i t  is f e l t  t h a t  t h e  s imultaneous d i r e c t i o n  of 
t h e  r e s e a r c h  t h a t  is o u t l i n e d  and reported on i n  t h i s  document 
is i n  agreement w i t h  t h e  proposed r e s e a r c h  and i n  accordance 
w i t h  t h e  d i r e c t i o n  g iven  by t h e  g ran t ing  agency. I t  is a n t i c i -  . 
pated  t h a t  t h i s  g r a n t  w i l l  provide some o r i g i n a l  approaches t o  
o l d  problems i n  t h e  c o s t  modeling a r e a  and t h e  use of c o s t  models 
i n  t h e  planning approach, 
P A R T  I1 
T h i s  s e c t i o n  of t h e  r epor t  con ta ins  some t o  t h e  g e n e r a l  
philosophy of c o s t  model development which has  been d iscussed  in-  
formal ly  w i t h  Long Range Planning personnel  a t  NASA/MSC a t  va r ious  
times, The d i scuss ions  of t h i s  s e c t i o n  a r e  g e n e r a l l y  based upon 
o t h e r  NASA work and some other  a p p l i c a b l e  model bu i ld ing  experience.  
Some c o s t  model e v o l u t i o n  is t r a c e d  i n  t h i s  r e p o r t  t o  permit t h e  
model b u i l d e r  t o  apply t h e  p a r t i c u l a r  technique i n  t h e  h ie rarchy  
presented  t h a t  b e s t  s u i t s  t h e  amout of in format ion  t h a t  he has  
a v a i l a b l e  and t h e  t i m e  l i m i t a t i o n  he may encounter.  T h i s  does 
not  summarize completely the  research  t h a t  can  be done i n  t h i s  
a r e a  a s  i t  is a cont inuing area for r e s e a r c h  and w i l l  be a cont in-  
uing p a r t  of t h e  r e s e a r c h  g ran t  t a sk ,  
A PHILOSOPHY OF COST MODEL DEVELOPMENT 
When i n  t h e  course of long range planning, i t  becomes neces- 
s a r y  t o  develop a c o s t  model there are s t a l l  some methods which 
have not  been tested f o r  t h e  c o l l e c t i o n  of data  and formula t ion  
of t h e  model. T h i s  paper w i l l  be directed toward t h e  d i scuss ion  
of model formula t ion  o u t s i d e  of t h e  t i red  methods which a t tempt  
t o  d u p l i c a t e  s t a t i s t i c a l  r i g o r  w i t h  two t o  f i v e  da ta  poin ts .  
T h i s  paper p r e s e n t s  some of t h e  concepts  which w i l l  be deve loped  
f u r t h e r  during the  course  of t h i s  r e sea rch  g ran t .  
A l i m i t e d  amount of h i s t o r i c a l  da ta  appears  t o  be a recur -  
r i n g  problem o r  o b e t a c l e  i n  the development of meaningful c o s t  
models f o r  f u t u r i s t i c  t y p e  designs.  T h i s  problem is not unique 
t o  e i ther  c o s t  models o r  s p a c e c r a f t  and i t  is encountered i n  plan-  
ning of development type or advanced technology i n  b o t h  cos t ,  
t i m e ,  r e l i a b i l i t y  and performance a r e a s ,  Therefore,  t h e  gene ra l  
s u b j e c t  is one of t h e  lack  of da ta  and its in f luence  upon bui ld-  
i n g  mathematical models. The developments i n  t h i s  paper w i l l  
p r i m a r i l y  be from the a p p l i e d  s t andpo in t  and should be e a s i l y  
fol lowed w i t h  a minimum amount of mathematics. 
a 
The primary a p p l i c a t i o n  of t h i s  r e sea rch  appears  t o  be i n  
t h e  c o s t  model a r ea  i n  the near f u t u r e ,  s p e c i f i c  r e f e r e n c e  w i l l  
bs made where a p p l i c a b l e  t o  t h i s  t ype  of work. Many of t h e  con- 
c e p t s  which a r e  being d i s c u s s e d  below have been communicated t o  
t h e  sponsors of t h i s  g r a n t  during v e r b a l  d i scuss ions  a t  var ious  
meet ings,  The b a s i c  idea is t h a t  t h e  experts and t h e  p lanners  
i n  this f i e l d  have informat ion  which is in a q u a l i t a t i v e  form a t  
p r e s e n t ;  however, i f  i t  were converted t o  a q u a n t i t a t i v e  form, 
e 
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i t  could provide 
procedures which 
added advantage, 
t h e  bas i c  mechanism f o r  t h e  c o s t  e s t i m a t i o n  
a r e  now used ,  I n  a d d i t i o n  i t  would provide t h e  
i n  t h a t  the  numbers t h a t  a r e  provided in the  
e s t ima t ion  process  could be recons t ruc ted  a t  some t i m e  i n  t h e  
f u t u r e  t o  provide even more h i s t o r i c a l  information for  t h e  model 
bu i ld ing  process  and t h e  e r r o r  e s t i m a t i o n  p r o c e s s a s  repeated 
from time t o  time i n  t h e  model bu i ld ing  phase of cost models. 
One of the  b a s i c  i d e a s  is t h a t  there a r e  cost dominating 
v a r i a b l e s  g e n e r a l l y  contained i n  c o s t  models, 
during World War 11, s u f f i c i e n t l y  a c c u r a t e  c o s t  models could be 
produced through t h e  a n a l y s i s  of t he  weight  of the a i rp l ane .  
T h i s  e s s e n t i a l l y  meant t h a t  these p lanes  were of the  same general 
t echno log ica l  l e v e l  and t h i s  was a n  a c c u r a t e  predictor  due t o  
t h e  averaging o u t  which took place through t h e  t o t a l  development 
and product ion  e f fo r t .  However, s p a c e c r a f t  development and pro- 
duc t ion  has some d i f f e r e n t  a spec t s  i n  t h a t  i t  is composed 
p r i m a r i l y  of a r e s e a r c h  and development t y p e  of e f f o r t  and t h e  
product ion  runs  can not be counted upon f o r  t h e  effects mentioned 
above, I t  is a l s o  possible t h a t  t h e  accounting and c o n t r o l  
methods p r e s e n t l y  used monitor projects t o  t h e  po in t  t h a t  t h e  
averaging t h a t  p rev ious ly  took p l a c e  is e l imina ted ,  
For example, 
However, due t o  t h e  technologies  t h a t  are encountered i n  
t h e  va r ious  p a r t s  of t h e  spacecraf t ,  i t  becomes more obvious t h a t  
t h e r e  a r e  s i g n i f i c a n t  c o s t  in f luences  p re sen t  i n  t h e  cost o the r  
t h a n  t h e  weight,  T h i s  becomes more obvious from t h e  engineer ing  
s t a n d p o i n t  by a simple a n a l y s i s  of t h e  composition of a subsystem, 
. -3- 
This  is f u t h e r  supported by t h e  long list of c a u s a l  v a r i a b l e s  
which were produced by t h e  Booz-Allen s tudy  p r e s e n t l y  i n  progress, 
General ly  i t  is agreeded among those  persons consul ted  i n  t h i s  
a r ea  t h a t  any one of the  v a r i a b l e s  involved in t he  se t  of causa l  
v a r i a b l e s  could conceivably become a cost dominating in f luence  
t o  t h e  p o i n t  t h a t  t h e  s i n g l e  va r i ab le  could be used a s  t h e  s i n g l e  
independent v a r i a b l e  in a c o s t  equat ion ,  I t  is j u s t  a s  r e a d i l y  
agreeded t h a t  there is a n  i n t e r a c t i o n  among v a r i a b l e s  which con- 
t r i b u t e  t o  t h e  c o s t  of a subsystem. However, t h i s  i n t e r a c t i o n  
is c o n t r o l l e d  t o  some e x t e n t  by t h e  des ign  c o n s t r a i n t s  on t h e  
v a r i a b l e s  , 
Since  t h i s  is a f u t u r e  planning t y p e  c o s t  r e s e a r c h  project, 
i t  is f e l t  t h a t  i t  should n o t  be l i m i t e d  by t h e  conventions of 
the  p a s t  and t h a t  t h e  idea of developing methods f o r  handling 
t h i s  type  of model should  be the  primary p o i n t  of cons idera t ion ,  
If w e  a r e  t o  progress i n  t h i s  a r ea  some l a t i t u d e  must be taken, 
some exper imenta t ion  permitted and some se tbacks  s u f f e r e d  i n  
order t o  make incremental  gains i n  t h i s  type  of model bui ld ing ,  
Therefore, t h e  fol lowing is anapproach t o  model bu i ld ing  which 
has been a p p l i e d  i n  a modif ied form i n  t h e  a r e a  of r a t i n g  of 
a i r c r a f t  by p i l o t s  w i t h  very  good r e s u l t s .  The major d e v i a t i o n  
in t h i s  r e s e a r c h  is t h e  extending of t h e  concepts  t o  account f o r  
i n t e r a c t i o n  and t h e  u t i l i z a t i o n  of s u b j e c t i v e l y  determined da ta  
i n  t h e  development of t h e  r e l a t ionsh ips .  P a r t  I V  of t h i s  report 
d i s c u s s e s  t h e  r e sea rch  being c a r r i e d  ou t  i n  t h e  a r e a  of t h e  
c o l l e c t i o n ,  a n a l y s i s  and a s s i m i l a t i o n  of these t y p e s  of data.  I n  
e 
. 
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t h i s  s e c t i o n  it w i l l  be assumed t h a t  a s i n g l e  e s t i m a t e  i n  t h e  form 
of a continuous f u n c t i o n  over t h e  range of the  v a r i a b l e  involved 
w i l l  be a v a i l a b l e  t o  t h e  model b u i l d e r  and w i l l  be accepted a s  
r ep resen t ing  t h e  f u n c t i o n  descr ibed by the model bu i lde r .  
This  procedure w i l l  normally be approached by t h e  use of a 
single func t ion  used t o  r e l a t e  the  response of t h e  v a r i a b l e  which 
is t h e  dependent v a r i a b l e  of t he  model f o r  t h e  o t h e r  independent 
causa l  v a r i a b l e s  i n  the  model, I n  t h i s  case  t h e  response w i l l  
be measured i n  terms of the  c o s t  of t h e  subsystem o r  a l a r g e r  
d i v i s i o n  of t h e  veh ic l e  being considered,  The s i n g l e  v a r i a b l e  
w i l l  be any one of t h e  c a u s a l  v a r i a b l e s  which is considered t o  
in f luence  c o s t ,  
There is a common s t a t i s t i c a l  procedure which has been used  
on o t h e r  occasions and may be used i n  t h i s  type  of s i t u a t i o n  i f  
some e s t i m a t e  of t h e  var iance  is a v a i l a b l e  f o r  each of t h e  
p r e d i c t o r s  of t h e  c o s t  and i f  these a r e  s t a t i s t i c a l l y  independent  
e s t i m a t i n g  func t ions  for t h e  c o s t  of t h e  subsystem, I f  t h i s  is 
t h e  case,  these e s t i m a t o r s  may be combined by weight ing them. 
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e i r  var iances .  T h i s  is a r a t h e r  
common procedure i n  mathematical s t a t i s t i c s  i n  t h e  d e r i v a t i o n  
of s t a t i s t i c a l  models of phys ica l  p rocesses ;  however, t h i s  has 
not  been commonly a p p l i e d  previously i n  c o s t  models but  is a 
s imple  direct  method of der iv ing  a s i n g l e  c o s t  equa t ion  w i t h  a 
l a r g e r  number of independent v a r i a b l e s  w i t h  a minimum of e f f o r t ,  
The s t a t i s t i c a l  assumptions m u s t  be observed and t h e  model bu i ld-  
er  shou ld  be aware of t he  imp l i ca t ions  i f  t h e y  are ignored, T h i s  
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technique was suggested approximate,y t w o  yea r s  ago i n  another  c o s t  
model study’ and t h e  s t a t i s t i c a l  proof is presented  by G r a y b i l l .  2 
I t  is assumed t h a t  some es t imate  of t h e  var iance  a s s o c i a t e d  w i t h  
a f u n c t i o n a l  equat ion  w i l l  be obta ined  i n  t h e  d a t a  t h a t  is develop- 
ed by the  methods d iscussed  i n  P a r t  IV, 
I t  is g e n e r a l l y  considered t h a t  t h i s  is a n  approximation 
method a t  b e s t  and it  is genera l ly  agreed t h a t  there is some 
s t a t i s t i c a l  i n t e r a c t i o n  of the  e s t i m a t o r s  in t h a t  they a r e  not  
independent and t h a t  they  a r e  f u n c t i o n a l l y  dependent. Therefore, 
t h i s  method has become mature and i t  is p o s s i b l e  t o  use  t h i s  a s  
a base and t o  b u i l d  t h e  methodology f o r  combining e s t i m a t e s  
based upon the  informat ion  t h a t  is a v a i l a b l e  t o  the  model bu i lde r ,  
T h i s  p r e s e n t s  t h e  problem of evalua t ing  t h e  phys i ca l  i n t e r a c t i o n  
a s  t o  what i t  means in terms of t h e  c o s t  and t o  develop some 
method of e v a l u a t i n g  t h e  s t a t i s t i c a l  i n t e r a c t i o n  o r  a s s e s s i n g  t h e  
role of t h e  p h y s i c a l  i n t e r a c t i o n  a s  it r e l a t e s  t o  t h e  c o s t  of t h e  
subsystem, I n  t h i s  a r e a ,  the  r e sea rch  has produced some r e s u l t s  
i n  desc r ib ing  the form of the i n t e r a c t i o n  by a geometric model 
f o r  t h e  c o s t  i n t e r a c t i o n ,  The procedure w i l l  be f i r s t ,  t o  rank 
the  v a r i a b l e s  i n  t h e  order of the most important from t h e  s tand-  
p o i n t  of i n f luenc ing  t h e  c o s t  of t h e  subsystem. T h i s  is not  
a b s o l u t e l y  necessary in the  e a r l y  developments; however, t h e  
reasons  f o r  t h i s  w i l l  become more apparent  i n  t h e  e v a l u a t i o n  of 
the  i n t e r a c t i o n  i n  l a t e r  s t ages  of t h e  s tudy.  If one were t o  
rank w e i g h t  a s  t h e  s i n g l e  most important  v a r i a b l e  i n  the f u n c t i o n a l  
r e l a t i o n s h i p  which describes t h e  cost  of t h e  subsystem, it would 
0 
0 
. 
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t h e n  be assumed t h a t  some range of va lues  would be a v a i l a b l e  on 
a l l  t h e  o t h e r  v a r i a b l e s  contained i n  t h e  equat ion  for  t h a t  same 
cos t .  Only i n  t h e  i n s t a n c e  of one of t h e  o t h e r  v a r i a b l e s  be- 
coming c o s t  dominant would i t  be necessary t o  recognize  its func- 
t i o n  i n  t h e  causa l  c o s t  r e l a t i o n s h i p .  However, a s  i t  has been 
poin ted  out  i n  t h e  above discussion,  s p a c e c r a f t  a r e  more sub- 
secpt ible  t o  minor v a r i a t i o n  i n  the  parameters t han  a r e  s t a t e -  
o f - the -a r t  a i r c r a f t .  
The next s t e p  i n  t h e  procedure is t o  cons ider  t h e  next most 
important variable from the s t andpo in t  of c o s t  f o r  cons ide ra t ion  
a s  t o  its r o l e  i n  t h e  func t iona l  equat ion.  For  t h e  purposes of 
t h i s  example, assume t h a t  t h i s  v a r i a b l e  is the  volume of t h e  
s p a c e c r a f t .  T h i s  f u n c t i o n  is o r  may be some f u n c t i o n  of t h e  
weight  a l s o ,  i n  t h a t  d e n s i t y  may be used  t o  d e f i n e  t h e  dependent 
r e l a t i o n s h i p  between t h e  volume and t h e  weight, however, t h e  
expres s ion  f o r  t h e  c o s t  con t r ibu ted  by t h e  volume of t h e  space- 
c r a f t  should be c o s t e d  a n  increment above t h a t  which is consider-  
ed a s  being con t r ibu ted  by the weight. -Therefore ,  t h e  volume 
w i l l  provide t h e  inc remin ta l  c o s t  above t h a t  being accounted f o r  
by t h e  weight of t h e  spacecraf t .  Now cons ide r  t h e  problem as soc i -  
a t e d  w i t h  eva lua t ing  j u s t  t h i s  p a r t  of t h e  model and how i t  
would work. F i r s t  of a l l ,  i t  appears  important  t o  p o i n t  out  t h a t  
there a r e  a number of l e v e l s  of s o p h i s t i c a t i o n  t h a t  could be 
e n t e r e d  i n t o  a t  t h i s  p o i n t ;  however, t h e  simplest  method w i l l  be 
d i scussed  i n  a n  a t tempt  t o  promote understanding and e s t a b l i s h  
the  groundwork f o r  more s o p h i s t i c a t e d  methods which w i l l  be expla in-  
cd during the grant per iod ,  
0 
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Assume t h a t  through t h e  methods of P a r t  I V  i t  has been poss i -  
ble t o  determine t h e  form of t h e  c o s t  t o  weight  r e l a t i o n s h i p  a s  
shown i n  F igu re  1 f o r  a given  type  of subsystem. T h i s  would be 
c o s t  
Weight 
F i g u r e  1. Cost a s  a func t ion  of t h e  weight of a s p e c i f i c  t y p e  
of subsystem. 
used  if only a s i n g l e  va r i ab le  were t o  be used  i n  t h e  c o s t  es t i -  
mation r e l a t i o n s h i p .  The func t ion  i l l u s t r a t e d  r e p r e s e n t s  t h e  
c o s t  of the  subsystem not  only as a f u n c t i o n  of weight ,  but  i t  
w i l l  r e p r e s e n t  a c e r t a i n  nominal l e v e l  of o t h e r  v a r i a b l e s  t h a t  
describe t h e  subsystem, I n  o t h e r  words, t h i s  is not  s i m p l y  
t h e  c o s t  of a pass ive  subsystem which only has weight, it has  
volume, peice p a r t s ,  opera t ing  p res su re ,  v e l o c i t y  and a l l  t h e  
v a r i a b l e s  t h a t  can be used  t o  describe i t  and which could 
conceivably be c o s t  r e l a t e d .  I t  is assumed t h a t  t h e  f u n c t i o n  
shown above a l s o  r e p r e s e n t s  t h e  c o s t  of t h e  f u n c t i o n a l  i n t e r a c -  
t i o n  ( t o  be d i s t i n g u i s h e d  from s t a t i s t i c a l  i n t e r a c t i o n )  w i t h  a l l  
0 
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t h e  o t h e r  v a r i a b l e s  a s s o c i a t e d  w i t h  t h e  sys tem.  Now cons ider  t h e  
i n c l u s i o n  of another  v a r i a b l e  i n  t h e  c o s t  f u n c t i o n a l  r e l a t i o n s h i p .  
T h i s  v a r i a b l e  w i l l  be en te red  such t h a t  i t  complements the v a r i a -  
b le  a l r e a d y  included i n  t h e  equat ion and does not d u p l i c a t e  t h e  
c o s t i n g  f u n c t i o n  represented  by  t h e  we igh t ,  T h i s  second v a r i a b l e  
f o r  t h e  purposes of a n  example w i l l  be volume. L e t s  assume t h a t  
a f u n c t i o n  s i m i l a r  t o  t h a t  i l l u s t r a t e d  i n  F igu re  1 can  be deter- 
mined f o r  t h e  volume of t h e  subsystem. This  p r e s e n t s  t h e  problem 
of combining these t w o  func t ions  i n t o  a s i n g l e  cost e s t ima t ing  
fuc t ion .  Obviously, t o  describe i n t e r a c t i o n  among two v a r i a b l e s  
i t  is necessary t o  use a three dimensional space  t o  d i s c u s s  t h e  
i n t e r a c t i o n .  If t h e  t r a c e  of t he  c o s t  response s u r f a c e  on t h e  
c o s t  - weight p lane  and t h e  cost - volume p lane  is considered, one 0 
would o b t a i n  t h e  two independent predictor func t ions  f o r  t h e i r  
r e s p e c t i v e  c o s t  dominant case,  However, t o  be r e a l i s t i c ,  I t  
would be necessary t o  cons ider  these t o  be i n c l u s i v e  of a l l  t h e  
other  c a u s a l  v a r i a b l e s  contained i n  t h e  c o s t  f u n c t i o n  represented  
by t h e  t r a c e  on t h e  plane.  In each case i t  would be considered 
t h a t  the  l e v e l  of the  other v a r i a b l e  is a nons ign i f i can t  q u a n t i t y  
r a t h e r  than  having a va lue  of zero. If the  s u r f a c e  which repre- 
s e n t s  the cost of a s p a c e c r a f t  of a g iven  wieght  and volume is 
rep resen ted  f o r  a l l  p o i n t s  i n  t h e  three dimensional space, i t  re- 
p r e s e n t s  t h e  r e l a t i o n  among a l l  three v a r i a b l e s  and t h e  i n t e r a c t i o n  
of t h e  two v a r i a b l e s  is properly r ep resen ted  by t h e  response s u r -  
f a c e ,  I t  would be p o s s i b l e  t o  gene ra t e  t h i s  response s u r f a c e  by 
u s i n g  a b r u t e  force approach t h a t  would r e q u i r e  t h e  response of 
e 
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one v a r i a b l e  t o  be es t imated  over its range f o r  f i x e d  incremental  
va lues  of t h e  other v a r i a b l e  over its range. T h i s  would be a 
r a t h e r  l abor ious  process  even f o r  two va r i ab le s .  I t  is e a s i l y  
seen  t h a t  t h i s  would be a p r o h i b i t i v e  method i f  t h e  v a r i a b l e s  num- 
bered three or  f o u r  f o r  a s i n g l e  r e l a t i o n s h i p  and each v a r i a b l e  
had a nominal range, 
I n  order t o  use t h e  s u b j e c t i v e  da t a  c o l l e c t i o n  approach t o  
provide t h e  des i red  information f o r  the  model cons t ruc t ion  i t  is 
necessary t o  reduce the  number of func t ions  t o  be es t imated  by 
t h e  expert, T h i s  is t h e  present  s t a t u s  of t h e  r e sea rch  i n  t h a t  
a n  i so-cos t  c u t t i n g  p lane  is being used t o  determine t h e  amount 
of in format ion  t h a t  can be provided by a l i m i t e d  number of sub- 
j e c t i v e l y  determined funct ions.  E s s e n t i a l l y  t h e  procedure is 
one of us ing  t h e  cons t an t  cost c u t t i n g  p lane  t o  i n t e r s e c t  t h e  
s u r f a c e  of t he  c o s t  response t h a t  is a f u n c t i o n  of two va r i ab le s .  
The t r a c e  of t h e  s u r f a c e  on t h e  c u t t i n g  p lane  provides  a s t a r t i n g  
p o i n t  f o r  t h e  development of methods f o r  t h e  c o l l e c t i o n  of data .  
T h i s  t r a c e  is bounded on each end by t h e  c o s t  dominant cond i t ion  
of t h e  corresponding va r i ab le .  The methods t h a t  a r e  being con- 
sidered f o r  gene ra t ion  of the  t races  on t h e  c u t t i n g  p lanes  and 
subsequent ly  t h e  e n t i r e  response s u r f a c e  a m  based upon t h e  
S e n s i t i v i t y  of cost t o  changes i n  one v a r i a b l e  a t  var ious  l e v e l s  
of t h e  o ther  va r i ab le .  The con t r ibu t ion  of each v a r i a b l e  t o  t h e  
t o t a l  cost  may poss ib ly  be es t imated  i n  terms of c o r r e l a t i o n  co- 
ef f i c i e n t s  . T h i s  approach p resen t ly  appears  t o  reduce t h e  amount 
of d a t a  necessary by a s i g n i f i c a n t  amount; however, some of the 
q u e s t i o n s  t h a t  need to be answered by t h e  e x p e r t s  w i l l  r e q u i r e  a 
0 
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good understanding of t h e  mechanics o t h e  technique being used, 
The p re sen t  e f f o r t  is i n  s impl i fy ing  t h e  da ta  c o l l e c t i o n  f o r  
obta in ing  e s t ima tes  of the  i n t e r a c t i o n ,  
I t  becomes obvious a t  t h i s  p o i n t  t h a t  t h e  o t h e r  t w o  r e sea rch  
a r e a s  o u t l i n e d  i n  t h i s  r e p o r t  a r e  i n t e g r a t e d  w i t h i n  t h e  problems 
of t h e  development of a cost  model bu i ld ing  philosophy. I n  
a d d i t i o n  t o  the problem described above, there has been a geo- 
metric model cons t ruc t ed  f o r  t h r e e  v a r i a b l e s  and t h e  corresponding 
c o s t  response,  These a r e  i l l u s t r a t e d  by t h e  use  of a t e t r ahedron  
where three of t h e  s u r f a c e s  a r e  t h e  i n d i v i d u a l  cos t -va r i ab le  re la-  
t i o n s h i p s  and t h e  f o u r t h  su r face  con ta ins  iso-cost contours  t o  
describe t h e  c o s t  response a s s o c i a t e d  w i t h  t h e  three v a r i a b l e s ,  
The phys i ca l  i n t e r a c t i o n  is e s t a b l i s h e d  by t h e  r e l a t i o n s h i p  of 
t h e  i n d i v i d u a l  €unct ions  which  a r e  represented  by l i n e s  i n  three 
dimensional space. Even though t h e  geometric i n t e r p r e t a t i o n  and 
demonstration of t h i s  model is r e l a t i v e l y  s imple t o  describe, t h e  
mathematics involved i n  convert ing it  t o  a c o s t  model is a l i t t l e  
more d i f f i c u l t .  As soon a s  t h i s  is accomplished, i t  w i l l  probably 
provide  t h e  key t o  expanding t o  higher  order i n t e r a c t i o n s  and 
more complex models. 
0 
The r e sea rch  conducted thus f a r  i n  t h e  s tudy  has  l e d  t o  a 
number of pa ths  t h a t  a r e  being explored simultaneously.  These 
i n c l u d e  t h e  s tudy  of a dimensionally based c o s t  f u n c t i o n  which 
could s i m p l i f y  t h e  s u b j e c t i v e  data procedure, If t h i s  proves t o  
be a f e a s i b l e  approach, t h e  work being done i n  t h e  f i t t i n g  of func- 
t i o n s  i n  a cons t r a ined  parameter space  w i l l  permit progress  a t  a 
0 
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r a p i d  r a t e ,  The use of p a r t i a l  d e r i v a t i v e s  is a l s o  being con- 
sidered i n  s impl i fy ing  t h e  model cons t ruc t ion ,  The use of 
p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  i n  t h e  d e r i v a t i o n  of t h e  responses  
was mentioned b r i e f l y  above, the  s p e c i f i c  problem is obta in ing  
good s u b j e c t i v e  estimates of those values .  The o v e r a l l  p l an  is 
t o  develop a modeling procedure t h a t  w i l l  provide a d d i t i v e  ele- 
ments which r e p r e s e n t  each new v a r i a b l e  t h a t  c o n t r i b u t e s  t o  t h e  
cost ,  I n  order  t o  do t h i s  e f f i c i e n t l y ,  t h e  model w i l l  probably 
c o n t a i n  a number of d e l t a  func t ions  which w i l l  in t roduce  var ious  
elements of t h e  o v e r a l l  r e l a t i o n s h i p  a s  a f u n c t i o n  of t he  l e v e l  
of t h e  r e s p e c t i v e  v a r i a b l e s ,  
1, Launch Vehicle Systems C o s t  Model , FZM - 4070, Progress  
Report 2, 27 February, 1964, General Dynamics 1 Fort 
Worth, 
2. Grayb i l l ,  F, A,, An In t roduct ion  t o  Linear  S t a t i s t i c a l  
Models, McGraw-Hill, New York, 1961 9 Page 4090 
P A R T I11 
The r e sea rch  o u t l i n e d  i n  t h i s  s e c t i o n  of the r e p o r t  is d i r e c t -  
ed toward t h e  e s t i m a t i o n  of t h e  parameters  of a mathematical model 
r e p r e s e n t a t i o n  of some process where t h e  parameters themselves 
a r e  cons t ra ined .  The assumptions a s s o c i a t e d  w i t h  t h e  form of 
t h e  model a r e  very gene ra l  and are directed spec i f i ca l ly  to t h e .  
t ype  of problems being encountered i n  t h e  c o n s t r u c t i o n  of c o s t  
models. T h i s  r e sea rch  is a n  e f f o r t  t o  extend t h e  t h e o r e t i c a l  
work t h a t  should be o f f e r e d  i n  suppor t  of model development and 
t h e  e s t i m a t i o n  of parameters.  Much of t h e  pre l iminary  r e sea rch  
has  been acomplished a s  ind ica t ed  by t h e  s ta tement  of the  pro- 
blem and i n  t h e  bibl iography which is contained i n  PART VII. The 
g e n e r a l  approach and t h e  too l s  f o r  the  s o l u t i o n  of t h e  problem 
have been hypothesized and p resen t ly  t h e  s t a g e  of t h e  inves t iga -  
t i o n  is t h e  formula t ion  of the  f i t t i n g  problem a s  a programming 
problem, The next  a r e a  of research  w i l l  be o r i e n t e d  more ' . 
s p e c i f i c a l l y  
t h e  parameters.  
0 
t o  t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e  e s t i m a t o r s  of 
The information contained i n  t h i s  s e c t i o n  is n e c e s s a r i l y  
l i m i t e d ,  due t o  t h e  f a c t  t h a t  t h e  t o t a l  development of t h e  so lu -  
t i o n  is not a v a i l a b l e  a t  t h i s  t i m e  and any r e p o r t  on t h e  d i r e c -  
t i o n  of t h e  p r e s e n t  i n v e s t i g a t i o n  would be premature and might 
n e c e s s a r i l y  be r e f u t e d  a t  some l a t e r  r e p o r t  date; however, t h i s  
s e c t i o n  p r e s e n t s  t h e  gene ra l  approach and the  problem d e f i n i t i o n .  
ESTIMATION OF PARAMETERS WITH CONSTRAINTS FOR MODELS YJHICH 
ARE NONLINEAR I N  THE PARAMETERS 
The gene ra l  o b j e c t i v e s  of t h i s  r e sea rch  a r e  a s  fo l lows:  (1) 
To e s t ima te  t h e  parameter vec tor  8 i n  t h e  f u n c t i o n  y = f(X, €31, 
where X = (x1,x2, , . . ,xp)  is t h e  vec to r  of observable  v a r i a b l e s ,  
8 = (e1,e2,...,ek) is a vec tor  of f i x e d  but  unknown parameters,  
y is observable,  (depending on X), f is non-linear i n  t h e  para-  
- 
meters ei, and 0 is cons t ra ined  t o  a c e r t a i n  r eg ion  of Ek 
(k-dimensional Eucl idean Space). (2) To determine t h e  s t a t i s t i -  
c a l  p r o p e r t i e s  of 8 ( t h e  e s t ima to r  f o r  e )  w i t h  a view t o  deter- 
mining 8 s o  t h a t  i t  Eaas various p r o p e r t i e s  t h a t  a r e  rrgoodl' i n  a 
s t a t i s t i c a l  sense,  such a s  unbiasedness, minimum mean-square 
e r r o r  and consis tency.  Both "large sample" and "small  sample" 
p r o p e r t i e s  of 8 w i l l  be i nves t iga t ed ,  w i t h  t h e  emphasis on t h e  
"small  sample" case-i.e.-what one does when a minimum of da ta  is 
a v a i l a b l e .  (3) To e s t a b l i s h  condidence reg ions  f o r  8. 
I t  is a n t i c i p a t e d ,  i n  veiw of t h e  r e s u l t s  ob ta ined  by apply- 
i n g  l i n e a r  programming procedures t o  l i n e a r  problems of t h i s  
type,  t h a t  t h e  g e n e r a l  f i e l d  of mathematical programming may y i e l d  
a s o l u t i o n  of t h e  non-l inear  problem. Convex programming w i l l  be 
of p a r t i c u l a r  i n t e r e s t  s i n c e  i t  is expected t h a t  most of t h e  con- 
s t r a i n t s  w i l l  be convex, and a l s o  t h a t  l e a s t  squa res  e s t i m a t i o n  
(which involves  a convex func t ion)  w i l l  be u t i l i z e d ,  
Various r e s u l t s  from response s u r f a c e  methodology w i l l  be 
s t u d i e d  ( s i n c e  the  l e a s t  squares  problem may be approached a s  a 
response  s u r f a c e  problem) w i t h  t h e  hope t h a t  a n  e s t e n s i o n  of some 
of these methods w i l l  throw l i g h t  on t h e  problem of what t o  do 
abou t  t h e  c o n s t r a i n t s .  
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Minimum a b s o l u t e  devia t ion  ( r a t h e r  t han  l e a s t  squa res )  w i l l  
a l s o  be i n v e s t i g a t e d  a s  a poss ib l e  c r i t e r i o n  f o r  "best f i t " .  
Various modes of a t t a c k  on t h e  problem were d iscussed  above, 
However, s i n c e  t h i s  is an  unsolved problem i n  genera l ,  i t  is not  
known which, i f  any, of these  methods w i l l  y i e l d  a s o l u t i o n .  I t  
may be conjec tured ,  on t h e  b a s i s  of experience,  t h a t  a "marriage" 
of response s u r f a c e  and mathematical programming techniques w i l l  
y i e l d  a t  l e a s t  a numerical s o l u t i o n  f o r  c e r t a i n  c l a s s e s  of con- 
s t r a i n e d  non-l inear  problems, I t  may a l s o  be assumed t h a t  no 
s i n g l e  technique w i l l  be "optimum" f o r  a l l  cons t r a ined  non-l inear  
problems. 
-
A simple f u n c t i o n  of the type t h a t  w i l l  be under s tudy  is 
If (1) t h e  parameters a r e  unconstrained,  i f  (2) t h e  X ' s  a r e  
e q u a l l y  spaced, and i f  (3) t h e  number of da t a  p o i n t s  a r e  e x a c t l y  
4, a " f i t "  f o r  t h i s  equat ion  is known (which may o r  may not  be 
"best") , 
However, if either (11, (21, o r  (3) does not  hold, a so lu -  
t i o n  t o  e s t i m a t i n g  t h e  parameters (el, e2, 03, e4) i n  some "optimum" 
f a s h i o n  is not r e a d i l y  ava i l ab le .  
It  is apparent  t h a t  work i n  t he  a r e a o f  non-l inear  es t ima-  
t i o n  is needed, s i n c e  no s o l u t i o n  is now a v a i l a b l e  for  even 
t h i s  simple problem. 
I t  is a n t i c i p a t e d  t h a t  t h e  complete answer t o  t h e  q u e s t i o n s  
r a i s e d  i n t w  above w i l l  be obtained a s  a r e s u l t  of t h i s  research ,  
- . .  
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I f ,  however, only some of t&em a r e  answered, a l a r g e  a d d i t i o n  t o  
t h e  e x i s t i n g  knowledge about e s t i m a t i o n  under u n c e r t a i n t y  w i l l  
have been made. The theory of l i n e a r  e s t i m a t i o n  is w e l l  
e s t a b l i s h e d  a t  p re sen t ,  r ep resen t ing  years  of work by hundreds 
of i n v e s t i g a t o r s .  Non-linear e s t i m a t i o n  has  been r e l a t i v e l y  
ignored, no t  so much because of a lack  of a p p l i c a t i o n  a s  because 
of t h e  d i f f i c u l t y  of t h e  problem. Perhaps i t  can be shown t h a t  
t h e  problem is not unsolvable;  needing only a f r e s h  approach t o  
s p u r  renewed i n t e r e s t  i n  it. 
1 
P A R T I V  
T h i s  s e c t i o n  r e p o r t s  on one 1 concept p r e s e n t l y  under develop- 
ment t h a t  w i l l  provide f o r  the c o l l e c t i o n ,  a s s i m i l a t i o n  and 
a n a l y s i s  of s u b j e c t i v e l y  determined da ta  i n  t h e  c o n s t r u c t i o n  and 
formula t ion  of mathematical models. T h i s  w i l l  cons ide r  the 
s t a t i s t i c a l  a spec t s ,  which include t h e  b i a s ,  cons is tency ,  s t a t i s -  
t i c s  of extremes and convergence fo r  these types  of da t a ,  T h i s  
a r e a  of r e s e a r c h  has been designated i n  a e f f o r t  t o  extend  model 
bu i ld ing  c a p a b i l i t y  beyond the l i m i t a t i o n s  f r e q u e n t l y  encountered 
due t o  the  lack  of h i s t o r i c a l  da t a ,  An i n t e g r a l  p a r t  of t h e  
s t u d y  w i l l  be t o  develop methods f o r  sampling s u b j e c t i v e  da ta ,  
f i t t i n g  prescribed f u n c t i o n a l  forms and provid ing  for an adap t ive  
response &a the aodel t o  the a d d i t i o n  of a c t u a l  da t a ,  
U T I L I Z A T I O N  OF SUBJECTIVELY DETERMINED DATA I N  THE FORMULATION 
OF MATHEMATICAL MODELS 
Model bu i ld ing  t h a t  is designed t o  a s s i s t  i n  f u t u r i s t i c  t y p e  
event  d e s c r i p t i o n s  of t e n  encounters  a very s e r i o u s  l i m i t a t i o n  
i n  terms of t h e  approach t h a t  is g e n e r a l l y  considered t h e  appro- 
p r i a t e  method of developing t h e  mathematical forms t h a t  a r e  in- 
cluded w i t h i n  t h e  model s t r u c t u r e .  I t  is g e n e r a l l y  expected t h a t  
t h e  model developments w i l l  be based upon a form of f i t t i n g  some 
type of mathematical f u n c t i o n  t o  e x i s t i n g  da ta ,  The method w i l l  
t hen  g e n e r a l l y  use  selected data p o i n t s  t o  check t h e  c a p a b i l i t y  
of t h e  mathematical f u n c t i o n  a s  a d e s c r i p t o r  of t h e  process  t h a t  
is being modeled. Es t imates  of t h e  e r r o r  or the  var iance  of t h e  
e s t i m a t o r s  can then  be obtained from t h e  e x i s t i n g  da ta  i n  an  
unbiased manner, I t  is a l s o  w e l l  e s t a b l i s h e d  by s t a t i s t i c i a n s  
t h a t  t h e  r e l a t i o n s h i p s  der ived a r e  only a p p l i c a b l e  over t he  range 
of t h e  v a r i a b l e s  t h a t  were used i n  t h e  d e r i v a t i o n  of t h e  r e l a t i o n -  
sh ip ,  There a r e  two major problems which eminate from t h i s  t y p e  
of philosophy i n  mathematical model development, t h e y  a r e :  (1) 
i n  t h e  s p a c e c r a f t  a r e a  there is very l i t t l e  h i s t o r i c a l  da t a  
a v a i l a b l e  on which t o  base the  c o s t  of f u t u r e  v e h i c l e s  t o  be 
used in space  e x p l o r a t i o n  due t o  t h e  t echno log ica l  changes t h a t  
a r e  be ing  experienced i n  spacec ra f t  development and t h e  var iance  
of t h e  subsystems themselves;  and (2) i n  plann'ing f o r  develop- 
ment type  e f f o r t s  there is gene ra l ly  a n  e x t r a p o l a t i o n  beyond t h e  
range of p r e s e n t  h i s t o r i c a l  data i n  which case  t h e  a p p l i c a b i l i t y  
of t h e  f i t t e d  f u n c t i o n  is quest ionable ,  t h i s  is e s p e c i a l l y  t r u e  
if there is a change i n  t h e  technology r e q u i r e d  o r  a s  t h e  v a r i -  
a b l e s  involved i n  t h e  func t ion  i n c r e a s e ,  These two r e s t r i c t i o n s  
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have caused a g r e a t  deal of d i s t o r t i o n  of s t a t i s t i c a l  techniques 
and cause t h e  approaches t o  development of models t o  be less than  
credible .  Therefore,  i t  is f e l t  t h a t  it is reasonable  t o  explore  
a more appeal ing and r a t i o n a l  approach t o  t h e  be used in ob ta in ing  
information f o r  use i n  t h e  models t h a t  a r e  being used f;0r manage- 
ment and planning dec i s ions  of f u t u r i s t i c  process  t h a t  d i f f e r s  
s i g n i f i c a n t l y  from t h e  p a s t  experience.  
One of t h e  primary reasons f o r  t h e  development and use of 
models i n  management d e c i s i o n  making is due t o  t h e  d imens iona l i ty  
of t h e  problem involved and t h e  mind has t r o u b l e  comprehending 
a l l  i n f luences  of var ious  dec is ions  or a s p e c t s  of t h e  problem. 
Therefore ,  i f  a s u b j e c t i v e  approach is t o  be used i n  t h e  develop- 
ment of mathematical models through r e g u l a r  means, i t  is g e n e r a l l y  
0 
necessary t o  i s o l a t e  each of the c o n t r i b u t i n g  f a c t o r s  and t h e n  t o  
combine them is some l o g i c a l  fash ion  such t h a t  i n  t h e i r  combined 
form t h e y  tend  t o  r e p r e s e n t  t h e  p rocess  which is being modeled. 
In any type of da ta  c o l l e c t i o n  process, i t  becomes t h e  job of t h e  
model b u i l d e r  t o  co l lec t  t h a t  d a t a  which is requ i r ed  i n  order t o  
i s o l a t e  t h e s e  main e f f e c t s  and their i n t e r a c t i o n  such t h a t  t h e  
model can be cons t ruc t ed  of bas ic  elements which a r e  a v a i l a b l e  
t o  t h e  model u se r ,  and which  can be used t o  inpu t  t h e  information 
r e q u i r e d  by t h e  model. The inputs  r equ i r ed  along w i t h  t h e  model 
s t r u c t u r e  which employs t h e  mathematical r e l a t i o n s h i p  c o n s t i t u t e s  
t h e  t o t a l  j ob  of t h e  model bui lder .  
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I t  is r e l a t i v e l y  easy  t o  o b t a i n  s u b j e c t i v e  o p i n i o n ;  however, 
t h e  problem is t h e  agreement among s e v e r a l  s u b j e c t i v e  opin ions  
and t h e  sys t ema t i c  process ing  of t h a t  da t a  t o  o b t a i n  meaningful 
r e s u l t s  from such da ta .  With t h i s  type  of requirement,  i t  is 
then  necessary t o  determine t h e  bes t  methods and t h e  u s e  of those  
da t a  which may be obta ined  through the use of e x p e r t  opinion. 
S ince  t h e  expe r t  can only consider  a l imi t ed  number of f a c t o r s  
a t  a s i n g l e  t i m e ,  i t  is necessary t o  develop techniques which 
w i l l  be capable  of tak ing  es t imates  of a l i m i t e d  number of f a c t o r s  
a t  a s i n g l e  time and th rough  t h e  c o l l e c t i o n  of a number of 
e s t ima tes ,  combine these es t imates  i n  such a f a s h i o n  t h a t  they  
r e p r e s e n t  t h e  t o t a l  process  f o r  which the  model is being b u i l t  
0 T h i s  approach of using s u b j e c t i v e l y  determined da ta  w i l l  
exp lo re  t h e  c o l l e c t i o n  of s u b j e c t i v e  da ta  and t h e  proper  method 
f o r  combining t h a t  da t a  i n  a model formulat ion,  T h i s  l a t t e r  
a r e a  of combining t h e  va r ious  f a c t o r s  w i l l  be a p p l i c a b l e  t o  t h e  
normal methods of formulat ion,  because i n  P a r t  I1 i t  was i n d i c a t e d  
t h a t  t h e  i n t e r a c t i o n  is a weak area of the present mathematical 
model bu i ld ing  techniques,  Therefore,  i t  w i l l  be necessary t o  
formula te  methods f o r  de t e rmin ing  t h e  degree and d i r e c t i o n  of t h e  
i n t e r a c t i o n  from t h e  s tandpoin t  of t h e  response of t h e  model. 
The techniqures  t h a t  a r e  developed i n  t h i s  r e s e a r c h  w i l l  be 
a p p l i c a b l e  t o  model bu i ld ing  i n  genera l ,  but  w i l l  be app l i ed  i n  
t h e  c o s t  model a r e a  a s  t h e  data becomes a v a i l a b l e ,  The gene ra l  
approach w i l l  be t o  develop ques t ionna i r e s  which r e l a t e  t o  t h e  
p a r t i c u l a r  a r e a  being s t u d i e d  and t h e  f a c t o r s  which a r e  f e l t  t o  
a f f e c t  t h a t  a r e a ,  I t  is a n t i c i p a t e d  i n  t h e  c o s t  a r e a ' t h a t  a l l  
, 
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t h e  p e r t i n e n t  v a r i a b l e s  have been de f ined  by t h e  o t h e r  con t r ac t ed  
c o s t  work t h a t  is being done for NASA/MSC, and t h a t  t h e  experience 
gained i n  these s t u d i e s  w i l l  c o n t r i b u t e  t o  the  i n i t i a l  t a s k  of 
q u e s t i o n n a i r e  development for  c o l l e c t i o n  of t h e  da t a ,  Based upon 
previous experience i n  t h i s  area i t  is expected t h a t  the  collec- 
t i o n  of t h i s  t ype  of da ta  and its a n a l y s i s  w i l l  be f a c i l i t a t e d  by 
t h e  development of a computer program t o  a s s i s t  i n  t h e  s t a t i s t i c a l  
a n a l y s i s  and t h e  computation of f u n c t i o n a l  r e l a t i o n s h i p s ,  Some of 
t h e  i d e a s  advanced i n  P a r t  I1 of t h i s  r e p o r t  w i l l  be used  i n  t h e  
a c t u a l  formula t ion  of t h i s  model; however, t h e  concepts  developed 
through t h i s  r e s e a r c h  w i l l  help in c o l l e c t i o n  of t h e  necessary 
informat ion  fo r  persu ing  t h e  research  a s  o u t l i n e d  above. 
There is some i n d i c a t i o n  t h a t  methods s i m i l a r  t o  t h a t  pro- 
posed i n  t h i s  s e c t i o n  have been tr ied elsewhere, however, i n  t hose  
cases  where they  have been appl ied,  it appears  t h a t  c e r t a i n  
s t a t i s t i c a l  procedures  could  have improved t h e  a n a l y s i s ,  I t  is 
assumed t h a t  t h e  a t t i t u d e  i n  t h i s  c a s e  has been one o f ,  s i n c e  i t  
is a guess  anyway, why bother  w i t h  any degree of s t a t i s t i c a l  r i g o r ,  
However, insome Frevious work which cannot be quoted i n  t h i s  
r e p o r t ,  i t  was shown t h a t  s t a t i s t i c a l  test of t h e  mul t ip l e  range 
type i n d i c a t e d  a n  i n a b i l i t y  t o  d i s t i n g u i s h  between some q u e s t i o n s  
which were directed toward a s ses s ing  a s u b j e c t i v e  va lue ,  
brief i n t e r r o g a t i o n  of a sample of respondents  t o  t h i s  p a r t i c u l a r  
q u e s t i o n n a i r e ,  t h i s  observat ion was confirmed; however, t h e  r e s u l t  s 
of t h e  survey were publ i shed  i n  t h e i r  o r i g i n a l  form without u s i n g  
t h e  s t a t i s t i c a l  tests a s  p e r t i n e n t  information. 
Upon 
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I n  summary, t h i s  p a r t  of t h e  sponsored r e s e a r c h  is expected 
t o  r e s u l t  i n  t h e  development of a g e n e r a l  computer model which 
can be used in the  c o l l e c t i o n ,  t e s t i n g  and u t i l i z a t i o n  of sub- 
j e c t i v e l y  determined da ta  up through t h e  first o rde r  i n t e r a c t i o n  
effects, I f  t h e  r e sea rch  progresses  smoothly, t h e  development 
of t h e  means f o r  c o l l e c t i o n  of h igher  o rde r  i n t e r a c t i o n  informa- 
t i o n  w i l l  be approached, The l e v e l  of s o p h i s t i c a t i o n  w i l l  be 
p r i m a r i l y  a f u n c t i o n  of turnaround t i m e  which is provided by t h e  
e x p e r t s  c o n t r i b u t i n g  t o  t h i s  study. T h i s  model w i l l  t ake  i n t o  
c o n s i d e r a t i o n  t h e  f u l l  range of cons is tency ,  and t h e  s t a t i s t i c a l  
a s p e c t s  of t h e  techniques app l i ed  t o  those da ta  which a r e  quan t i -  
f i e d  a s  a r e s u l t  of t h i s  procedure. P r e s e n t l y  a demonstration 
c o s t  model which uses  s u b j e c t i v e l y  determined da ta  is being placed  
on t he  computer s y s t e m  a t  Texas A&M pre l iminary  t o  experimentat ion 
which is requ i r ed  i n  t h i s  developmental e f f o r t ,  
P B R T V  
T h i s  s e c t i o n  of t h e  progress r e p o r t  r e p r e s e n t s  t h e  informal  
c o n s u l t a t i o n  t h a t  is provided a s  a p a r t  of t h e  c o s t  r e s e a r c h  
g r a n t ,  The memoranda which a r e  conta ined  i n  this s e c t i o n  a r e  
more than  records  of t h e  meetings and should be reviewed f o r  
t h e i r  t e c h n i c a l  conten t  as i t  r e l a t e s  t o  t h e  s p e c i f i c  t o p i c  be- 
ing  considered by t h e  ind iv idua l  m e m o .  
0 To: NASA/MSC/LRP 
Fron: Texas A&M/Industrial Engineering Department 
Subject :  Review of Manned Spacecraf t  Cost Analysis  Program, Second Oral Br ie f ing  
and Progress Report, September 28, 1965 a t  MSC Houston, Texas 
This progress  r e p o r t  p r i s ~ a t a t i o n  w a s  a t tended a s  p a r t  of the service provided 
by t h e  Texas A&M Research Foundation under NASA research  g ran t  NGR 44-001-027. 
This memo is provided a s  a genera l  c r i t i q u e  of the  p re sen ta t ion  and i s  i n  l i e u  of 
extended p a r t i c i p a t i o n  i n  t h e  genera l  d i scuss ion  which followed the  presenta t ion .  
The A M  p o s i t i o n  is one i n  which t o  be of t h e  most b e n e f i t  t o  NASA and MSC 
it must be aware of t h e  a c t u a l  progress being made i n  the  r e l a t e d  c o s t  s tud ie s .  
Therefore,  based upon t h i s  presenta t ion ,  it i s  necessary t h a t  a number of pointed 
ques t ions  be asked i n  order  t o  coordinate  the  research  e f f o r t  a t  Texas A&M and the  
cont rac ted  work being performed f o r  MSC. 
0 Since t h e  o r a l  p re sen ta t ion  was c lose ly  p a r a l l e l  t o  t he  documentation contained 
i n  t h e  brochure,  t h i s  c r i t i q u e  w i l l  be r e l a t e d  t o  s p e c i f i c  po in ts  w i th in  the  
brochure,  r a t h e r  than r e l y  on r e c a l l  of s p e c i f i c  o r a l  s ta tements .  
Page 2 Para. 2. How do the  second and t h i r d  ob jec t ives  d i f f e r  from what has  
a l r eady  been determined by o t h e r  c o s t  s t u d i e s  cont rac ted  by NASA? (General Dynamics/ 
F o r t  Worth ; Lockheed, Burbank ; Lockheed, Sunnyvale ; Rand). 
Page 2 Para. 3. Can Mercury data be used as a check po in t  by summing up t h e  
d e t a i l e d  c o s t s  of o t h e r  programs to  correspond t o  the  l e v e l  a v a i l a b l e  i n  t h e  
Mercury data? 
Page 2 Para 4. Later i n  t h i s  repor t ,  re fe rence  i s  made t o  t h e  use of 
engineer ing  judgement and weight is contained i n  the  l i s t  of t echn ica l  v a r i a b l e s  
be ing  considered f o r  t he  CER's.  
Page 4 Para 1. A r e  t h e  present  c o s t  category d z f i n i t i o n s  a t  a meaningful 
That is, have they been success fu l  i n  breaking out  level f o r  ob ta in ing  c o s t s ?  
c o s t s  a c c u r a t e l y  i n t o  each of the ccs t  ca t egor i e s  def ined and are they meaningful 
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from the  s tandpoint  of be ins  e 2 s i l y  iden t i f i ed .  
Page k PZr'-. 2 ,  SiLica t h i s  i n  t:le ai8 t e r n  repore,  it would be Lnn- f i c i a l  t a  
:-he A&M c o s t  research  grant ,  if some of the  methodology t h a t  they a r e  developilzg 
were used on the  d a t a  a v a i l z p l e  i n  order t o  i l l u s t r a t e  t he  problems a2d p e r m i t  us  
t o  o f f e r  some guidance i n  tke  se l ac t lon  of techniques.  
Page 1 2  Para 3 .  How are varieb'les 2nd combinations belng t e s t ed?  
Page 14 Para 1. Is t he  evaluat ion of i n t czac t ions  a suggest ion o r  a statenent 
I 
of achievement, i f  so how i s  it accc,ql ished and how i s  the  s t a t e  of t he  a r t  
judged? (Refer back t o  comment 03 '>*.ge 2 Paragraph 4 . )  
This paragrapb tends t o  i n d i c a t e  t h a t  t i m e  dependency of Page 18 Para 2. 
va r ious  c o s t s  r e l a t i v e  t o  o the r  cor r ;  a r e  being considered as p a r t  of t h i s  study. 
Page 20 Para 3.  Wasn't p a r t  cf t h e  s tudy t c  provide a c o n s i s t e n t  breakdown 
of t h e  twit-?, i f  only cDl l ec t ion  of data were requi red  t h a t  would probably have 
a l r eady  been accomplished? 
Page 22 Para 4. 
a 
How do they test the  f i t  of the  curve i n  the  Work Flow Chart? 
I s n ' t  it simply a matter of p ick iag  a curve? 
Page 24. A r e  m l y  l i n e a r  prozreas f t x c t i o n s  a v a i l a b l e ?  Has l ea rn ing  been 
s i g n i f i c a n t  on any s p a c x r a f  t prcgrans? 
a r e  product ion rate e f f e c t s  r z f l e c t e d ?  
What has  t h i s  work cont r ibu ted?  Where 
Page 26 Para 3.  Can the  d e f i n i t i o n  of " f i r s t "  be based on s i m i l a r i t y  of 
product ion methods without  cons iderc t lon  of time between u n i t s  of production. 
Page 36 Para 3. W i l l  thz tot&:- technica l  eno,lys:-: be ixumented  i n  order  
t5at ind iv idua l  CERs may be - i x e d  5ack through tSe a n s i y s i s  2nd reviewed f o r  
p o s s i b l e  change? What a r e  sc,ns cf ?he cr i ter ic  5Jr vcr;.t3!.e t o  be included i n  
@ t h e  a n a l y s i s ?  
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Page 40. A r c  t he  p lo t ;  ;.f..o-m on a l inear  s c a l e ?  Why weren ' t  a l l  t he  d a t a  
po in t s  l i s t e d  or: 725e 39 .;%;A' n n  PLC. ' r l ?  
Page 42. If the  s ta tements  of t h i s  page a r e  taken l i t e r a l l y  by assuming 10 
d i f f e r e n t  v a r i a b l e s  and only & t r i a l  exponent va lues ,  then the  nunber of t r i a l s  
w m l d  be 
of 2hi.s t y p e  why would nzsc t ivz  3xponer.t-s bz used? 
5 
f' (t?)!?' .-i 322:238 t r i a l s  f o r  devzloping each CER. I n  an  approach x=2 A- 
Page 48. 
wouldn' t provide? 
What i s  recorrLncniec? on t h i s  r = F e  t h a t  a good PEBT-Cost program 
General Comments: A nu.nber cf t i m e s  TI% procedures they have developed f o r  
t he  d e r i v a t i o n  of CERs uere  r e f e r r z d  to ,  It wouirl be h e l p f u l  i f  these  were known 
i n  order  t h a t  t he  work being pursuzd a t  Texas A&M might be used t o  an  advantage. 
It is d i f f i c u l t  t o  imagke  t h a t t 5 e y  are ab le  t o  "massage" the  d a t a  and keep 
eve ry th ingon  a p ropr i e t a ry  bas i s ,  This c r y  has been used i n  the  p a s t  t o  camou- 
f l a g e  the l ack  of d a t a  o r  progress  i n  the  use of da ta .  Therefore,  it i s  s t rong ly  
recommended t h a t  thorough documentation of a l l  raw ua ta  and subsequent a l t e r a t i o n s  
of t h a t  d a t a  be requi red  i n  order  t ha t  r e v i s i o n  and refinement of t h e  c o s t  work 
can be c a r r i e d  on a f t e r  t he  c u r r e n t  con t r ac t s  end. 
I n  the  s e l e c t i o n  of t echn ic s1  ..rari&bles, it was no t  obvious t h a t  var ious  
t e c h n i c a l  c o n s t r a i n t s  were being considered i n  de r iv ing  the  CERs. 
Jn conclusion,  what i s  r e a l l y  planned t o  a s c e r t a i n  the  merits of the  CER's 
d e r  ived ? 
This  review of the  p r e s ? n t a t i x . i s  p a r t  ;f t he  w x k  bzing 7erformed f o r  
NASA/MSC/LRP by Texas A6rM v-der research grant. K R  4-4-001-0?7 
'a To: Long Range Planning Office/Manned Spacecraf t  Center/NASA 
From: I n d u s t r i a l  Engineering Department, Texas A&M Universi ty  
Subject :  Logical  and Mathematical Checkout of Cost Est imat ing Relat ionships  
Reference:October 19 meeting a t  Texas A&M 
Attendees:  Don Wagnor, Aubin Ferguson, Ron Konkel of LRP/MSC/NASA; A. W. Wortham 
and G. D. Se l f  of Texas A@M. 
The genera l  purpose of t h i s  meeting was to  d i scuss  the  procedures necessary 
f o r  a cursory  examiuation of c o s t  es t imat ing  r e l a t i o n s h i p s .  The suggest ions 
contained wi th in  t h i s  r e p o r t  a r e  d i r ec t ed  toward using some simple mathematical 
procedures t o  a s s i s t  i n  t h e  checkout of t he  range of t h e  v a r i a b l e s  contained fn 
t h e  CER s on a l o g i c a l  bas i s .  
Since s p e c i f i c  examples of t h e  CER s were not  a v a i l a b l e  for t r i a l  computatic; 
and demonstration of the  methods discussed,  i t  w i l l  be assumed t h a t  t h e  CER s 
w i l l  be  similar t o  those developed i n  the  Launch Vehicle Cost Model. 
of one of those equat ions is  as follows: 
An example. 
0.055 0.0302 1.50 
y = 0 . 2 2 6 ~ ~  x2 (lOOx3 1 
The adjustment f a c t o r s  f o r  f u t u r e  use were unspecif ied and consequently were 
de le ted. 
Cost of production on l i q u i d  air  frames were presented as:  
( 1.) 
0,,055 .302 1.50 
y = 0.226 x1 x2 (106x3) . 
BY t ak ing  the  p a r t i a l  d e r i v a t i v e s  o f  c o s t  with r e spec t  t o  each v a r i a b l e  one 
-0.945 0.302 1.50 * = 0.226(0.055)x1 *2 (100x3 1 (2 1 
dxl 
-0.698 0.055 1.50 * = 0,226(0.302)~2 Xl (100x3) 
dx2 
(3) 
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0.50 0.055 0.302 
dx3 = 0.226(150)x3 x1 x2 
The d e f i n i t i o n  and range of t hese  va r i ab le s  a r e  as follow: 
x1 s t age  dry  weight 3500 t o  75000 lbs .  
x s t age  volume 2200 t o  70000 f t . 3  2 
x3 s t age  mass f r a c t i o n  0.89 t o  0.95 
These p a r t i a l  d e r i v a t i v e s  r ep resen t  t h e  s lope  of t he  tangent  f o r  the  v a r i a b l e  
which t h e  d e r i v a t i v e  was taken wi th  respec t  t o  aud f ixed  va lues  of t h e  o t h e r  
two v a r i a b l e s ,  o r  it rep resen t s  t h e  r a t e  of change of t h e  c o s t  with respect t o  
t he  d i f f e r e n t i a t e d  va r i ab le .  
Examining (2) it can be seen t h a t  a change i n  x i  has  almost no e f f e c t  on 
the  r a t e  a t  which the  c o s t  changes; therefore ,  an  i n i t i a l  s e l e c t i o n  of the  range 
a* X1 could be 3,000 * x i 4  100,000. @ Since t h i s  i n t e r p r e t a t i o n  of t he  s lope  of 
t he  l i n e  contained 
x3, t h e i r  ranges should be evaluated.  
t h e o r e t i c a l  l i m i t  i s  less than  1.0, one could assume a maximum value  of (100x3)1*5 
i n  the  x1 y plane is dependent upon the  va lues  of x2 and 
By inspec t ion  of x3 f i r s t , s i n c e  the  
as 1,000 which does not  change dy s i g n i f i c a n t l y  since the  maxiaum value  of 
(O.O55)~1 
dX1 -0.945 
a t  t h e  lower bound of x1 = 3000 is 0.000028 and a t  t h e  upper 
bound of  xi = 100,000 it is equal  t o  0.00009, 
(100x3) 
The minimum value  of t h e  t e r m  
1.5 
would be approximately 800. Therefore,  it i s  poss ib le  t o  look only  
. 302 If x2 were 1 0 ~ , ~ 0 0 ,  x2a t  t h e  range of va lues  f o r  x2. would only be 32.36 
and dy is approximately .21 which would be s i g n i f i c a n t l y  d i f f e r e n t  from zero 
d x l  
if it w e r e  poss ib l e  from an  engineering s tandpoint .  An engineer ing a n a l y s i s  
0 wculd p e r m i t  one t o  spec i fy  a minimum d e n s i t y  ( l b ~ / f t . ~ )  of say 0.2 i n  which 
case dy = .03 a s  a maximum value for the  range shown above with t h e  constrain?: 
d x l  
0 - 3  - 
of d e n s i t y  p 0.2. This would i n d i c a t e  t h a t  veh ic l e s  w i th  low d e n s i t i e s ,  i.e. 
high volume t o  weight r a t i o s  would expect t he  c o s t  t o  be a f f e c t e d  more by the  
weight v a r i a b l e  than those v e h i c l e s  which make up the  h i s t o r i c a l  da ta .  
v e h i c l e s  had # / f t .  > l , O * )  
( A l l  
3 
This eva lua t ion  process should be c a r r i e d  out  f o r  each of t h e  o the r  pa r t i a l  
d e r i v a t i v e s  and a l o g i c a l  eva lua t ion  of t he  range of  v a r i a b l e s  performed. It i s  
suggested t h a t t h e  range of v a r i a b l e s  from t he  previous eva lua t ion  be used f o r  
each success ive  eva lua t ion .  This  w i l l  au tomat ica l ly  provide t h e  f i n a l  set of 
bounds f o r  each of t he  v a r i a b l e s  involved when the  l a s t  p a r t i a l  d e r i v a t i v e  has 
been evaluated.  
With the  p a r t i a l  d e r i v a t i v e s ,  the t o t a l  d i f f e r e n t i a l  can be formed t o  ob ta in  
an express ion  of t he  s lope  of a hyperplane t h a t  is tangent  t o  a hypersurface and 
r e p r e s e n t s  t h e  r a t e  of change of the c o s t  f o r  corresponding changes i n  the  
v a r i a b l e s  o r  : 
d; = d y  d x i  + dy d x i  + d y  dx$ 
dXl dx2 dx3 
From th is  t h e  variance of t h e  c o s t  can be shown t o  be 
y2 t dY 2L;xp+ dy2 5x22+ dy2 YX32 
dxl dx2 ax3 
This  r e l a t i o n s h i p  can then be used t o  eva lua te  the  ser iousness  of an  e r r o r  i n  the  
CER, by t e s t i n g  the  p o s s i b l e  v a r i a t i o n  a t  each bound. These computations appear 
t ed ious  from t h e  above; however, these could be programed f o r  computer s o l u t i o n  
a f te r  t h e  p a r t i a l  d e r i v a t i v e s  had been computed. By s e l e c t i n g  the  i n i t i a l  range 
of t he  v a r i a b l e s  a t  the  des i r ed  level and using the  above procedure,  t he  b e s t  
meaningful range of v a r i a b l e s  w i l l  be se l ec t ed .  I n  a d d i t i o n  t o  the  recommendations 
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ou t l ined  above a s  a simple check on CER s, i t  is  a l s o  suggested t h a t  each CER 
be accompanied by a s i m p l e  c o r r e l a t i o n  matrix which w i l l  r e f l e c t  t h e  normal 
con t r ibu t ion  or phys ica l  i n t e r a c t i o n  of one v a r i a b l e  wi th  another  a s  it r e l a t e s  
t o  cost .  
symmetric. 
a ranking of the  v a r i a b l e s  involved, it i s  requested t h a t  such a ranking be 
2erformed. 
a l l  v a r i a b l e s  have been ranked wi th in  a CER. 
abnormal condi t ions  any of the  lesser va r i ab le s  of t h i s  ranking could become a 
c o s t  dominating inf luence.  
This could be placed i n  t h e  form of an  a r r a y  which would not  be 
I f  t h e  c r e a t i o n  of such an a r r a y  does not  au tomat ica l ly  b r ing  about 
This i s  t o  rank the  m o s t  important c o s t  v a r i a b l e  f i r s t  and s o  on u n t i l  
It should be pointed out t h a t  under 
The above is a s h o r t  term approach t o  the  checkout of e x i s t i n g  CER s. A s  
?art of t h i s  research  g ran t  work, a repor t  on the  methodology of development 
w i l l  be presented. 
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SUMMARY 
The above d i scuss ion  is  summarized i n  o u t l i n e  form below f o r  each CER. 
I. 
2. 
3. 
4 .  
5. 
6 .  
7. 
8. 
9, 
Form a l l  p a r t i a l  d e r i v a t i v e s  
Program computer f o r  eva lua t ion  
Compute va lues  of t he  p a r t i a l  d e r i v a t i v e  and s e l e c t  range where be- 
havior  is l o g i c a l  based on varying one v a r i a b l e  a t  a t i m e  
Select bounds f o r  a l l  va r i ab le s  i n  CER 
Form the  t o t a l  d i f f e r e n t i a l .  
Form the  var iance r e l a t i o n  
Evaluate the  var iance  r e l a t i o n  a t  each bound 
Form a simple c o r r e l a t i o n  matrix f o r  CER v a r i a b l e s .  
Rank v a r i a b l e s  i n  CER 
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The sene ra1  purpose of t h i s  meeting was t o  d i s c u s s  t h e  specif ic  - 
approach t h a t  Booz-Allen has developed f o r  use i n  t h e  e s t i m a t i o n  of 
t h e  parameters a s s o c i a t e d  w i t h  t h e  c o s t  e s t i m a t i o n  r e l a t i o n s h i p s  
(CER SI. M r .  Clancy was i n  charge of t h e  d i s c u s s i o n  and had a few 
hand drawn c h a r t s  t o  i n d i c a t e  t h e  sequence of s t e p s  used t o  select  
t h e  v a r i a b l e s  and t h e  s e l e c t i o n  of t h e  cons t an t s  t o  be used i n  
a s s o c i a t i o n  w i t h  those  v a r i a b l e s  which  a r e  combined t o  form t h e  c o s t  
e s t i m a t i n g  r e l a  t i onsh ip .  
The i r  approach t o  t h e  s e l e c t i o n  of v a r i a b l e s  as a n  exhaus t ive  
set of ' c a u s a l '  v a r i a b l e s  appeared reasonable  from a n  engineer ing 
s t andpo in t  and represented  a r e l a t i v e l y  good s t a r t .  Causal is used 
here a s  apposed t o  concomitant i n  t h a t  i t  is assumed t h a t  t h e  v a r i a -  
- 
ble  has some f u n c t i o n a l  o r  d i r e c t  r e l a t i o n s h i p  t o  t h e  c o s t  of t h e  
Sys tem involved. In a n  e f f o r t  t o  determine v a r i a b l e s  which repre-  
s e n t e d  t h e  c o s t  of t h e  s y s t e m  over its e n t i r e  l i f e  cycle,  there were 
f o u r  g e n e r a l  a r e a s  selected which were assumed t o  r e p r e s e n t  t h e  
major c o n t r i b u t i o n s  t o  cos t .  These were combined w i t h  t h e  t h i r t e e n  
subsystems t o  provide a c ros s -c l a s s i f  i c a t i o n  of t h e  var ious  blocks 
of c o s t s  t h a t  should  be l o g i c a l l y  accounted for i n  t h e  CER s. T h i s  
seemed t o  form a reasonable  base f o r  t h e  d e f i n i t i o n  of va r i ab le s .  
0 
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The next  major a r e a  of endeavor f o r  t h e  d e r i v a t i o n  of CER s 
was t h e  de t e rmina t ion  of func t iona l  dependency among t h e  v a r i a b l e s  
of a s p e c i f i c  s y s t e m  and the d e l e t i o n  of v a r i a b l e s  from considera,  
t i o n ,  T h i s  a t tempt  was made i n  o rde r  t o  b r ing  t h e  number of 
parameters  t o  be es t imated  t o  wi th in  t h e  l i m i t a t i o n s  placed upon 
t h e  parameter e s t i m a t i o n  process by t h e  da t a  a v a i l a b l e .  In perform- 
ing  t h i s  opera t ion ,  two t h i n g s  of importance were noted;  (1) i t  
provided a g r a p h i c a l  method for determining whether t h e  combination 
of v a r i a b l e s  i n t o  a s i n g l e  v a r i a b l e  was a p p l i c a b l e  f o r  t h e  case  
being considered,  and (2) i t  tended t o  coun te rac t  some of t h e  
o r i g i n a l  i n t e n t  of t h e  c r o s s - c l a s s i f i c a t i o n  scheme for t h e  s e l e c -  
t i o n  of t h e  va r i ab le s .  These two p o i n t s  w i l l  no t  be e l abora t ed  
upon a t  t h i s  time s i n c e  l a t e r  in t h i s  r e p o r t  there a r e  some obser- 
v a t i o n s  which supe r sede  any remarks t h a t  would be made here. 
0 
Assuming t h a t  t h e  d e l e t i o n  and combination of v a r i a b l e s  pro- 
v i d e s  t h e  v a r i a b l e s  t o  be  considered f o r  t h e  CER, t h e  next s t e p  is 
t o  use  a l i m i t e d  s e a r c h  of s u i t a b l e  exponents f o r  those  v a r i a b l e s  t o  
be used  i n  a product form f o r  t h e  CER, T h i s  method assumes t h a t  che 
CER w i l l  be of t he  form y = x1x2x3. w B  ' The i r  method u s e s  t h e  computer 
t o  provide  an  output  which forms a l l  combinations of 1/2,1, and 2 
a s  t h e  exponents of t h e  v a r i a b l e s  i n  t h e  CER which  was used t o  
compute t h e  c o s t s  f o r  a l l  t h e  h i s t o r i c a l  da ta  p o i n t s  a v a i l a b l e .  The 
computer r e s u l t s  a r e  manually examined t o  p i ck  the  'bes t '  set  of 
exponents for t h e  CER. This  is  r epea ted  w i t h  var ious  sets of v a r i -  
a b l e s  u n t i l  t h e  best combination of v a r i a b l e s  and exponents a r e  
found. After t h i s  is accomplished, t h e  a c t u a l  da ta  a r e  used  w i t h  
the selected v a r i a b l e s  and the r e s u l t a n t  Set of simultaneous equa- 
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t i o n s  are so lved  t o  o b t a i n  the new exponents f o r  t h e  CERO I n  each 
case t h e  number of va r i ab le s ,  t h e  number of parameters t o  be esti-  
mated, and t h e  number of exponents were numerical ly  equiva len t ,  
The approach o u t l i n e d  above was presented  f o r  those  cases which 
had three da ta  p o i n t s  or more. There was not a specif ic  set of 
procedures set f o r t h  for t hose  cases  w i t h  less data .  Booz-Allen in -  
d i c a t e d  some i n t e r e s t  i n  t h e  method of combining two independent 
es t imates .  T h i s  information was provided along w i t h  a s h o r t  explan- 
a t i o n  of t h e  combination of independent estimates weighted inve r se ly  
p ropor t iona l  t o  the i r  variances.  The problem of t h e  l i m i t e d  da t a  
case  s t i l l  e x i s t s  under t h i s  procedure, due t o  t h e  e s t ima tes  of t h e  
var iance  of t h e  independent p r e d i c t o r s  which must be a v a i l a b l e  and 
s e r v e  a s  t h e  b a s i s  f o r  combining t h e  es t imates .  
A t  t h i s  po in t ,  t h e  meeting turned  t o  t h e  s u b j e c t  of what is be- 
* 
i n g  done a t  Texas A&M and how w i l l  i t  he lp  i n  t h e  methods for the  
development of t h e  CER s. A s h o r t  o r a l  p r e s e n t a t i o n  of t h e  research 
being conducted a s  p a r t  of t he  cost  r e s e a r c h  g r a n t  was made. I t  was 
g e n e r a l l y  agreeded tEat Booz-Allen would need more s h o r t  term 
methods i n  o rde r  t o  accomplish t h e i r  o b j e c t i v e s  w i t h i n  t h e  t i m e  
l i m i t a t i o n  of t h e i r  con t r ac t .  The sugges t ions  r e l a t i v e  t o  "Logical 
and Mathematical Checkout of C o s t  Es t imat ing  Rela t ionships"  were 
r e i t e r a t e d  w i t h  p a r t i c u l a r  emphasis g iven  t o  t h e  ranking and t h e  
e s t i m a t i o n  of t h e  c o r r e l a t i o n  c o e f f i c i e n t s  among v a r i a b l e s ,  
I n  g e n e r a l  i t  was concluded t h a t  t h e  methods d iscussed  by Booz- 
A l l e n  could be accomplished much qu icke r  by a weighted r e g r e s s i o n  
a n a l y s i s ,  For  t h e  s i n g l e  da ta  p o i n t  case, i t  is a n t i c i p a t e d  t h a t  
Booz-Al len  w i l l  dev i se  a method f o r  ob ta in ing  a CER and report on it 
a t  a l a t e r  date, 
P A R T V I  
The m a t e r i a l  contained i n  t h i s  s e c t i o n  of the report r ep re -  
s e n t s  a l o g i c a l  d i scuss ion  of t h e  completed work of one of t h e  
members of t h e  r e sea rch  group t h a t  is working on t h i s  g r a n t ,  
The s u b j e c t  i n  t h i s  s tudy  is the  l e a r n i n g  curve and the d iscus-  
s i o n s  a r e  i n  terms of t h e  c l a s s i c a l  approach t o  t h e  l e a r n i n g  
curve w i t h  some e x c e l l e n t  examples of its a p p l i c a t i o n  i n  c o s t i n g  
and d e c i s i o n  making, There is one p o i n t  t h a t  is touched upon 
and which appears  t o  be a r e l a t i v e l y  important w i t h  r e s p e c t  t o  
NASA p r o j e c t s .  T h i s  is t h e  in f luence  of unions and management 
d i r e c t i v e s  upon t h e  l e a r n i n g  t h a t  is observed i n  development t y p e  
p r o j e c t s .  I t  should be noted t h a t  these in f luences  could poss i -  
b l y  reduce o r  camouflage thelearn$=,  However, t h i s  l e a r n i n g  
is c o n t i n u a l l y  being adve r t i s ed  a s  t ak ing  p l a c e  in t h e  space  
program i n  s p i t e  of t h e  l e v e l  of development e f f o r t  t h a t  is be- 
ing  c a r r i e d  on, The reports i n  t h e  c o s t  c o n t r a c t  a r e a s  cont in-  
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ues t o  suppor t  t h e  hypothesis  t h a t  t h e  l e a r n i n g  e x i s t s ,  in 
which case  t h e  m a t e r i a l  presented i n  t h i s  s e c t i o n  is t i m e l y  and 
shou ld  provide background information i n  t h e  assessment of the  
mistakes t h a t  could be made i n  improperly applying t h e  use  of 
l e a r n i n g  curves t o  var ious  cos t ing  s i t u a t i o n s ,  
T h i s  s e c t i o n  of t h e  report represents some of t h e  concept 
t h a t  is being used i n  the r e sea rch  g r a n t  i n  t h a t  from t i m e  t o  
t i m e  dur ing  t h e  course of t h i s  g r a n t  one of t h e  c u r r e n t  t o p i c s  
t h a t  is observed i n  t h e  MSC work w i l l  be a b s t r a c t e d  and d e a l t  
w i t h  academical ly  i n  order  t o  p rovide  t h e  background in format ion  
t h a t  should accompany t h a t  t o p i c .  e 
THE LEARNING CURVE 
BY 
Grady L. Haynes 
The problem of fo recas t ing  of manpower requirements,  t i m e  of produc- 
t i o n ,  c o s t  p e r  u n i t  produced, e t c . ,  i .e . ,  t he  b a s i c  parameters of i n d u s t r i a l  
production, has t roubled management s i n c e  t h e  i n t r o d u c t i o n  of modern assembly 
l i n e  techniques.  The predict ions have usua l ly  been based on personal  judg- 
ments and s u b j e c t i v e  p r o b a b i l i t i e s  by the  upper echelons of management, and 
have involved much time and e f f o r t .  
The l ea rn ing  curve, o f t en  c a l l e d  t h e  improvement curve,  a new con- 
cep t  which arose from the  a i r c r a f t  i ndus t ry  during World War 11, has proven 
t o  be  a va luab le  t o o l  i n  the so lu t ion  of f o r e c a s t i n g  problems. The l ea rn ing  
curve concept relies on the  proven f a c t  t h a t  a worker l e a r n s  as he works; 
and t h e  more t h e  ope ra t ion  i s  repeated, t h e  more e f f i c i e n t  t h e  worker be- 
comes, w i th  t h e  r e s u l t  t h a t  the d i r e c t  l abo r  inpu t  which he con t r ibu te s  t o  
each u n i t  dec l ines .  The r a t e  a t  which h i s  s k i l l  develops,  o f t e n  r e f e r r e d  
t o  as h i s  "percentage of learning," i s  f a i r l y  constant  throughout,  no matter 
how many u n i t s  a worker may produce and, as w e  s h a l l  see, t h i s  makes p o s s i b l e  
t h e  p r e d i c t i o n  of t he  t o t a l  labor inpu t  f o r  a s p e c i f i e d  number of  u n i t s  [l]. 
Probably the  f i r s t  no t i ce  of t h i s  "learning" took p l ace  i n  t h e  Con- 
solidated-Vultee A i r c r a f t  Corporation, San Diego, C a l i f o r n i a .  The company 
n o t i c e d  t h a t  i t  took roughly ten t i m e s  as long t o  complete the  f i r s t  two 
p lanes  as i t  d id  the  l a s t  two planes i n  a production o r d e r  of 1,000 planes.  
P a r t  of t h i s  decreased time was c r e d i t e d  t o  improved j i g s  and f i x t u r e s  and 
conveyors as the  new job got  under way. But much of i t  was due t o  an ac- 
q u i r e d  d r i l l i n g  and r i v e t i n g  s k i l l  which comes not  only wi th  eye-hand 
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coordinat ion b u t  with rnuscZeconditioning. An i n t e r e s t i n g  i l l u s t r a t i o n  
of t h i s  phenomenon took p l ace  during the e a r l y  p a r t  of t h e  war. 
There was considerable v a r i a t i o n  i n  d r i l l i n g  time 
between hand ( e l e c t r i c )  d r i l l e r s  i n  a l a r g e  a i r p l a n e  
f a c t o r y  - t he  v a r i a t i o n  being g r e a t e r  than 100% from 
the  f a s t e s t  t i m e  t o  t h e  s lowest .  An examination of d r i l l  
p o i n t s  proved they were a l l  i n  good condi t ion.  
was found t h a t  t he  e l e c t r i c  d r i l l s  themselves ranged i n  
speed from 2000 rpm t o  4500 rpm. This s u r e l y  was t h e  
answer. But was it? The man with t h e  lowest t i m e  had 
t h e  slowest d r i l l  and t h e  ope ra to r  who took t h e  longes t  
t i m e  had t h e  f a s t e s t  d r i l l !  Further  i n v e s t i g a t i o n  dis-  
c losed the foreman was an experienced ope ra to r  who r e a l l y  
"leaned" on h i s  d r i l l ,  whereas t h e  l a t t e r ,  a new ope ra to r ,  
merely s t e a d i e d  h i s  d r i l l  [5]. 
But i t  
The a i r c r a f t  i ndus t ry  had a l s o  no t i ced  t h a t  decreases  i n  produc- 
t i o n  t i m e s  occurred with increases  i n  numbers of u n i t s  produced from t h e i r  
c o s t  of production f i g u r e s .  Since the  c o s t  of an airframe i s  much higher  
t han  most mass-produced a r t i c l e s ,  any change i n  u n i t  cos t  was e a s i l y  seen. 
This dec l ine  meant n o t  only lower production c o s t s  on a u n i t  b a s i s ,  b u t  
a l s o  lower production t i m e s ,  which w a s  most welcome t o  a production-conscious 
w a r t i m e  a i r c r a f t  i ndus t ry .  
The process  w a s  not iced t o  r epea t  i t s e l f .  Whenever a new type of 
a i r f r ame  w a s  introduced,  t he  d i r e c t  l abo r  inpu t  p e r  u n i t  soared f o r  t he  
f i r s t  few u n i t s ,  then would sett le down i n t o  a gradual ly  downward s lop ing  
curve. 
spread of t h e  use of t h e  curve from Consolidated-Vultee t o  t h e  o t h e r  a i r -  
c r a f t  manufacturers,  t he  companies began t o  use t h e  curves on a r e g u l a r  
b a s i s  f o r  c o s t  and l abor  p red ic t ions  [ l ] .  
The curve w a s  always very accu ra t e ly  p r e d i c t a b l e ,  and a f t e r  t h e  
The o r i g i n a l  work on learning curves was done by E. K.  Yost, a t  
t h e  t i m e  an employee of Consolidated-Vultee A i r c r a f t  Corporation. 
remarkable r e s u l t s  achieved by Consolidated-Vultee drew t h e  a t t e n t i o n  of 
The 
t h e  Army A i r  Force and t h e  Navy Bureau of Aeronautics,  and from these  
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agencies t h e  use of l ea rn ing  curves spread t o  o t h e r  a i r c r a f t  manufacturers.  
The concept was somewhat confined t o  the  a i r c r a f t  i ndus t ry  u n t i l  a f t e r  
t he  war, when i t s  use was made ava i l ab le  t o  a l l  i ndus t ry  through publica- 
t i one  of t h e  men o r i g i n a l l y  responsible  f o r  i t s  development [ 2 ] .  
The savings i n  d i r e c t  labor inpu t  between c e r t a i n  l e v e l s  of pro- 
duct ion were always i n  the  same e a s i l y  p red ic t ed  proport ion.  It w a s  found 
t h a t  t h e  f o u r t h  u n i t  required about 80% of t h e  l abor  of t h e  second, t h e  
t e n t h  about 80% of t h e  f i f t h ,  and t h e  2,000th about 80% of the  1,000 . 
This l e d  t o  the d e s c r i p t i o n  of the curve as being an "80% lea rn ing  curve," 
one which has found acceptance i n  n e a r l y  a l l  forms of production. 
t h  
There are t h r e e  formulas which make p o s s i b l e  the  p r e d i c t i o n  of 
(1) cumulative average man hours f o r  any number of u n i t s ,  (2) u n i t  man 
hours f o r  a s p e c i f i c  u n i t ,  and (3) t o t a l  man hours required t o  b u i l d  
a predetermined number of un i t s .  These formulas are: 
(1) Y = KXN, where 
Y = cumulative average man hours f o r  any number of units; 
K = number of man hours t o  b u i l d  f i r s t  u n i t ;  
X = any number of completed u n i t s ;  
N = Rn (% of l e a r n i n g  curve) i Rn2. 
(2) U = ( N  + l )KXN,  where: 
U = u n i t  man hours f o r  a s p e c i f i c  u n i t ,  and a l l  o t h e r  
symbols t h e  same as i n  Formula (1). 
N+1 (3 )  T = KX , where: 
T = t o t a l  man hours required t o  b u i l d  a predetermined 
number of u n i t s  and a l l  o t h e r  symbols the  same 
as i n  Formula (1) [l]. 
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The t h r e e  curves produced are shown i n  Figures  ( l ) ,  ( 2 ) ,  and ( 3 ) .  The 
f i r s t  i s  p l o t t e d  on paper of a r i t hme t i c  scale,  t he  second on semilog 
paper,  and t h e  t h i r d  on log-log paper.  The a r i thme t i ca l ly - sca l ed  curves 
show more d rama t i ca l ly  t h e  changes i n  these  t h r e e  measures of production 
as the  number of u n i t s  produced i n c r e a s e s .  
Based upon continuous r e p e t i t i o n  without change i n  product o r  
method of assembly, t he  learning curve tends t o  be very smooth. I n  ac- 
t u a l  p r a c t i c e ,  l ea rn ing  curves are usua l ly  e r ra t ic .  This r e s u l t s  from 
f a c t o r s  o u t s i d e  of a c t u a l  learning such as working condi t ions and even 
the p e r s o n a l i t i e s  of the workers themselves. New methods introduced t o  
t h e  assembly l i n e  cause g r e a t  jumps i n  t h e  curve,  which are usua l ly  fo l -  
lowed by a resumption by t h e  curve of i t s  normal downward s lope  [ 4 ] .  
The type of work involved a l s o  plays a p a r t  i n  t h e  graph. The 
normal percentage of l ea rn ing  f o r  manual l abor  assembly l i n e  production 
i s  i n  t h e  75% - 80% range, with t h i s  percentage inc reas ing  as t h e  amount 
of mechanical a i d  t o  the  worker i n c r e a s e s  [ 4 ] .  While empir ical  d a t a  
seems t o  s u b s t a n t i a t e  t h i s  change i n  percentages,  some claim t h a t  it i s  
n o t  t h e  machine bu t  t h e  worker who l e a r n s ,  and thus t h e r e  should be no 
change [ 3 ] .  However, t he  f igu res  most widely used are 80% and 90% 
f o r  nonmechanized and mechanized l a b o r ,  r e s p e c t i v e l y .  
There are many poss ib l e  uses f o r  t he  l ea rn ing  curve concept 
and a l s o  many misuses. One of t h e  popular methods of f o r e c a s t i n g  t h e  
l a b o r  p e r  u n i t  produced a t  some f u t u r e  p o i n t  i n  production i s  t o  w a i t  
u n t i l  a c e r t a i n  number have been produced, then t ake  t h e  u n i t  t i m e  of 
t h e  l a s t  u n i t  produced and connect t h e  coordinate  of t h i s  po in t  with t h e  
coord ina te  of t h e  f i r s t  u n i t  produced, and use an extension of t h i s  l i n e  
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f o r  f u t u r e  p red ic t ions .  The danger h e r e  i s  choosing t h e  po in t s  be fo re  
the  a c t u a l  curve has had a chance t o  se t t le  down t o  i t s  normal downward 
s lope.  This can lead t o  exceedingly low p r e d i c t i o n s .  
Many manufacturers have f a l l e n  i n t o  t h e  t r a p  of neg lec t ing  t o  
include t h e  d i r e c t  l abo r  inpu t  of u n i t s  which are purchased from an 
o u t s i d e  s u p p l i e r .  For in s t ance ,  a worker who uncrates  an a i r c r a f t  power- 
p l a n t  and i n s t a l l s  i t  i n  an airframe may himself c o n t r i b u t e  e i g h t  hours 
of l abor  i n p u t ,  b u t  on a curve of t o t a l  l abo r  inpu t  f o r  t h e  a i r c r a f t  
t h e  l abor  involved i n  t h e  production of t h e  engine must be included. 
There i s  no n e t  saving involved when a p a r t  i s  being bought from an out- 
s i d e  s u p p l i e r  s i n c e  t h e  same labor i s  being performed i n  t h e  p l a n t  of 
t h e  s u p p l i e r  [l] . 
By moving a newly-trained, h igh ly  s k i l l e d  crew t o  an assembly 
l i n e  t h e  d i r e c t  l abo r  input  pe r  u n i t  may drop, b u t  h ighe r  wages paid 
t o  a h igh ly  s k i l l e d  c r e w  may a c t u a l l y  r e s u l t  i n  increased c o s t s .  
i l a r l y ,  new engineering o r  t oo l ing  may r e s u l t  i n  lower production t i m e s  
b u t  h i g h e r  cos t s .  The method which produces the  lowest l abor  inpu t  p e r  
u n i t  may n o t  always be  t h e  optimum method of production. 
Sim- 
Care must be taken t o  j u s t i f y  claims t h a t  drops i n  d i r e c t  l abo r  
inpu t  p e r  u n i t  are t h e  r e s u l t  of "learning." 
management and good personnel handling can b r i n g  about drops i n  labor  
i n p u t  without any "learning" having occurred [l]. 
I n  some ins t ances  shrewd 
For p r e d i c t i o n  of f u t u r e  l abor  times be fo re  t h e  f i r s t  u n i t  has 
been produced, a combination of l ea rn ing  curves with t i m e  and motion 
s t u d i e s  has proved h igh ly  r e l i a b l e .  
produced a r t i c l e s  involving large q u a n t i t i e s  i n  product ion r e l i a b l e  es t i -  
mates of l a b o r  times from time s t u d i e s  should be around t h e  l , O O O t h  u n i t .  
It has been shown t h a t  f o r  most mass- 
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From Formula (2) it can be shown t h a t  t he  s lope  of t he  d i r e c t  l a b o r  
i n p u t  p e r  unit-produced curve w i l l  approach zero f o r  l a r g e  values of 
X,  i n d i c a t i n g  t h a t  a p o i n t  is reached where t h e  decrease i n  l abor  in- 
put  with each succeeding u n i t  i s  n e g l i g i b l e .  Thus i t  i s  poss ib l e  t o  
p r e d i c t  l abo r  input  f o r  any u n i t  by p l o t t i n g  t h e  optimum labor  t i m e ,  
der ived by the  t i m e  study method, a t  t he  l , O O O t h  u n i t  on log-log paper 
and drawing a s t r a i g h t  l i n e  of s lope [ l o g  ( X  of l e a r n i n g ) / l o g  21 back 
t o  t h e  o rd ina te .  A f t e r  production i s  under way and t h e  t i m e  f o r  t h e  
f i r s t  u n i t  i s  p r e c i s e l y  know, the graph can be r ev i sed  with the  l i n e  
again drawn from t h e  l , O O O t h  un i t  optimum t i m e  p o i n t ,  bu t  through t h e  
a c t u a l  t i m e  of t h e  f i r s t  u n i t  [ 3 ] .  
I l l u s t r a t i o n s  i n  t h r e e  s p e c i f i c  areas ( p r i c i n g ,  make o r  buy 
s i t u a t i o n s  and manpower requirement p r e d i c t i o n s )  w i l l  make the uses of 
t h e  l ea rn ing  curve concept more meaningful. 
The Webster Machine Company. Following t h e  outbreak of t he  
Korean War t h e  Army's own f a c i l i t i e s  were inadequate t o  m e e t  t he  de- 
mand f o r  gun b a r r e l s .  
vate companies, one of which was t h e  Webster Machine Company. 
Accordingly, t he  work was "farmed out" t o  p r i -  
The c o n t r a c t  c a l l e d  fo r  a s i n g l e  rough forming operat ion on 
2,000 gun b a r r e l s ;  i n  o t h e r  words, machine t i m e  ( r a t h e r  than assembly 
time) represented a l a r g e  p a r t  of t h e  work. The i n i t i a l  con t r ac t  p r i c e  
w a s  $76.70 p e r  u n i t  sub jec t  t o  p r i c e  redeterminat ion.  When the  p r i c e  
was redetermined, Webster had completed 545 u n i t s  a t  an average d i r e c t  
l a b o r  c o s t ,  v e r i f i e d  by a u d i t  and t i m e  s tudy ,  of 35.3 hours p e r  u n i t .  
What d i r e c t  l a b o r  c o s t  should be charged i n  computing t h e  p r i c e  f o r  
t h e  uncompleted u n i t ?  
f i g u r e  w a s  too high f o r  t h e  con t r ac t  as a whole and t h a t  because of  some 
Both p a r t i e s  recognized t h e  f a c t  t h a t  t he  35.3 hour 
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s o r t  of l ea rn ing  f a c t o r  o r  increase i n  the  c o n t r a c t o r ' s  "know-how," 
t h e  new f i g u r e  should be  lower. 
Webster argued f o r  22 hours p e r  u n i t  f o r  t h e  uncompleted u n i t s ,  
po in t ing  ou t  t h a t  t h e  Army had seven yea r s '  experience i n  t h i s  ope ra t ion  
whereas Webster had never done i t  be fo re .  The f i g u r e  of 35.3 hours was 
recognized as the  cumulative average f o r  t he  f i r s t  545 u n i t s  and, accord- 
i ng ly ,  was p l o t t e d  as one p l o t  on t h e  graph. 
which w a s  necessary t o  cons t ruc t  t h e  curve,  t h e  company computed t h e  
cumulative average f o r  a l l  2,000 u n i t s  ( including t h e  545 produced t o  
d a t e )  on t h e  b a s i s  of 22 hours p e r  u n i t  f o r  t h e  uncompleted u n i t s  and 
thus a r r i v e d  a t  an o v e r a l l  average of 25.62 hours.  A s t r a i g h t  l i n e  drawn 
between t h e  p o i n t s  had a s lope ,  o r  ra te  of l ea rn ing ,  of 85% between doubled 
q u a n t i t i e s .  This curve (Figure 4')  showed t h a t  t h e  d i r e c t  l a b o r  t h e o r e t i -  
c a l l y  r equ i r ed  f o r  t he  l as t  u n i t  would be 19.6 hours.  
To g e t  t h e  second po in t ,  
The Army supply o f f i c e r  took a very d i f f e r e n t  view. H e  argued 
t h a t  s i n c e  the  Army was performing t h e  ope ra t ion  i t s e l f  i n  11.6 hours ,  
13 hours w a s  a f a i r  f i g u r e  f o r  the uncompleted u n i t s .  
possess  t h e  Army's s p e c i a l  h o i s t s . )  H i s  proposal (Figure 3) w a s  computed 
i n  the same manner as Webster's. The s lope  of h i s  l i n e  w a s  a phenomenal 
71.5%. I n  o rde r  t o  o b t a i n  t h e  cumulative average of 19.08 hours f o r  a l l  
2,000 u n i t s  c a l l e d  f o r  by h i s  proposal ,  Webster would have had t o  produce 
t h e  las t  u n i t  i n  9.82 hours.  This was 1 .78  hours less than t h e  t i m e  t he  
Army was taking t o  produce the gun b a r r e l s ,  and t h e  Army had seven yea r s '  
more experience on the  job. 
(Webster d id  no t  
C lea r ly ,  Webster's proposal w a s  t he  more reasonable ,  e s p e c i a l l y  
i n  view of t h e  f a c t  t h a t  machine t i m e  represented t h e  g r e a t e r  p a r t  of 
t h e  work, which meant a lower ra te  of l ea rn ing  ( o r  h ighe r  percentage of 
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l abor  times required between doubled q u a n t i t i e s ) .  The p a r t i e s  f i n a l l y  
agreed on an 85% curve [l]. 
Make o r  buy decis ions concern t h e  choice of whether t o  make an 
i t e m  o r  procure i t  from an outside manufacturer. 
Lee Aircra f t  Company. Early i n  1952 t h e  Lee A i r c r a f t  Company 
was faced wi th  a cutback i n  i t s  production as a r e s u l t  of t h e  A i r  Force 
s t re tch-out  program. Consequently, i t  was i n c l i n e d  t o  cancel  some of 
i t s  subcontracts  and p u l l  t h e  work back i n t o  i t s  own shop t o  keep i t  
f u l l y  occupied. 
One subcontract  which i t  thought of canceling w a s  with t h e  Roberts 
Manufacturing Company f o r  372 landing f l a p  assemblies - an i t e m  which 
i t  a l s o  was manufacturing i n  i t s  own p l a n t .  To a r r i v e  a t  a comparison 
of i t s  own and Roberts '  c o s t s  of manufacturing the assemblies,  Lee de- 
c ided t o  p l o t  t h e  r e spec t ive  learning curves.  
Lee had already produced 165 assemblies,  w i th  a f i g u r e  of 445 
hours f o r  t h e  165th u n i t ,  and was w e l l  along the  downward s lope  of i t s  
l e a r n i n g  curve; con t inua t ion  of t h e  curve ind ica t ed  a t o t a l  l abo r  input  
of 111,000 hours f o r  372 add i t iona l  u n i t s .  I n  comparison, The Roberts 
Company, while  apparent ly  a more e f f i c i e n t  producer of t he  i t e m ,  w a s  
j u s t  g e t t i n g  s t a r t e d  on i t s  learning curve. I f  i t  went on, i t  would be 
a b l e  t o  produce t h e  165th u n i t  a t  an expenditure of 402 hours - 43 hours 
less than Lee - bu t  cont inuat ion of i t s  curve from t h e  ea r l i e r ,  h ighe r  
p o i n t  a t  which it then was indicated a t o t a l  l abo r  inpu t  of 164,000 hours 
f o r  t h e  372 u n i t s ,  o r  53,000 more than Lee .  
The foregoing ana lys i s  served t o  pinpoint  t he  ques t ion  f o r  manage- 
I n  t h e  short run, i t  w a s  more economical f o r  Lee t o  can- ment's judgment. 
cel t h e  subcontract  and do the work i t s e l f .  In  the  long run, however, 
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i t  would be less expensive t o  leave t h e  work wi th  Roberts inasmuch as 
i t  could produce t h e  landing f l a p s  f o r  about 10% less l abor  once i t  
had go t t en  as f a r  out  on i t s  learning curve as Lee. Therefore,  t he  deci-  
s i o n  hinged l a r g e l y  on the probable t o t a l  f u t u r e  demand f o r  landing f l a p s  
of t h i s  type. Since t h i s  t o t a l  f u t u r e  demand was d i f f i c u l t  t o  measure, 
Lee decided t o  t ake  advantage of t he  d i r e c t  l a b o r  savings o f f e r e d  a t  
t h e  t i m e ,  which amounted t o  over $300,000. Accordingly, i t  canceled 
t h e  c o n t r a c t  with Roberts [l]. 
Learning curves can play a most v i t a l  r o l e  i n  manpower planning, 
as i l l u s t r a t e d  by the  following example. 
A manufacturing company determines t h a t  t h e  demand f o r  i t s  new 
se l f -p rope l l ed  d i e s e l  r a i l r o a d  c a r  c a l l s  f o r  a production schedule l i k e  
t h a t  i n  the  t h r e e  l e f thand  columns of Table I ,  a f t e r  allowing t i m e  f o r  
t o o l i n g ,  engineer ing,  and procurement. I t s  f i r s t  s t e p  would be t o  work 
ou t  a l ea rn ing  curve f o r  t h e s e  u n i t s ,  with t h e  production schedule repre- 
s e n t i n g  t h e  po in t  of depa r tu re  and t h e  s i z e  of t h e  work fo rce  t h e  depend- 
e n t  v a r i a b l e .  
A rate of l ea rn ing  of 80% between doubled q u a n t i t i e s  produced 
a l ea rn ing  curve shown i n  Figure ( 5 ) .  
i s  ind ica t ed  by t h e  v e r t i c a l  l i nes ;  t he  p o i n t s  where they i n t e r s e c t  t h e  
curve" r ep resen t  t he  cumulative averages of d i r e c t  l a b o r  hour require-  
The monthly d e l i v e r y  schedule 
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ments as of t h e  end of each month. 
By taking these  averages from Figure (5) and mult iplying them by 
t h e  cumulative number of u n i t s  produced, t he  cumulative t o t a l  hours f o r  
a22 preceding months can be obtained ( fou r th  and f i f t h  columns of Table I).  
Table I. Calcula t ion  of Manpower Requirements 
Uni t s  Cumulative Cumulative Cumulative T o t a l  T o t a l  
Month Units (from F ig .  Hours p e r  Employees 
Month : p e r  : Number of : Averages : T o t a l  : Hours : Direct 
: 4) : Month : p e r  
Month 
1 : 9 :  9 : 49,500 : 445,500 :445,500 : 2,228 
2 : 1 6 :  25 : 35,000 : 875,000 :429,500 : 2,148 
3 : 2 2  : 47 : 28,000 : 1,316,000 :441,000 : 2,205 
4 : 3 0 :  77 : 24,500 : 1,886,500 :570,500 : 2,853 
5 : 40 : 1 1 7  : 21,500 : 2,515,500 :629,000 : 3,145 
6 : 5 2  : 169 : 19,000 : 3,211,000 :695,000 : 3,478 
7 : 65 : 234 : 17,000 : 3,978,000 :767,000 : 3,835 
8 : 80 : 314 : 15,500 : 4,867,000 :889,000 : 4,445 
* 
0 
Cumulative ;\!umber of U r . i t s  ProcIGced 
.. 
. .  
16 
I f  the l a t t e r  f i g u r e s  are  divided by t h e  number of hours worked 
p e r  month ( i n  t h i s  case 200), the needed number of d i r e c t  employees can 
be  obtained. Thus, i t  can be seen from Table I (rightmost column) t h a t  
about 2,228 employees are required i n  t h e  f i r s t  month, and about double 
t h a t  number i n  the  l a s t  month, whereas t h e  number of u n i t s  produced p e r  
month inc reases  about n ine  times. 
This same procedure could be used t o  determine the  manpower re- 
quirements f o r  each manpower c l a s s i f i c a t i o n  [ l ] .  
From t h e  r e s u l t s  which have thus f a r  been obtained through the  
use of t h e  l ea rn ing  curve,  i t  i s  r a t h e r  s u r p r i s i n g  t h a t  t h e  use of t h i s  
technique has not  been more extensive,  and t h a t  it has not received more 
a t t e n t i o n  i n  s t a t i s t i c a l  and q u a l i t y  con t ro l  l i t e r a t u r e  [ 2 ] .  
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